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Chapter 1

Fast Fourier Transform

1.1 Fourier Series

Definition 1.1 — Fourier Transform

Let (cn)nez be an absolutely summable sequence of complex numbers, i.e., > -, |c,| < co. The
Fourier transform of (¢, )nez is given by:

é(t) = Z cne™, teR.

n=—oo

Proposition 1.1 — Properties of the Fourier Transform

The Fourier transform ¢(t) satisfies:
1. ¢ is 2w-periodic.
2. ¢ is continuous.
3. It satisfies the orthogonality relation:

i 27 it gimt gy _ {1, m=n,
27T 0 0

4. The inverse formula holds:

1 27 .
Cp = — e Me(t)dt.
271— 0
5. The Parseval equation holds:
0 1 27
>l =55 [ letofae
n=—oo 2 0

6. Let (cn), (dy) be absolutely summable sequences. Then, for the convolution, we have:

(cxd), = Z Cn—jd;

j=—o00

defined as the convolution, and the convolution theorem holds:

—

cxd(t) = é(t) - d(t)
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Proof. 2. Zﬁfz_ ~ Cn€™ — ¢(t) is uniformly convergent for N — oo because

< > el 20

In|>N

N

é(t) — Z cpe'™

n=—N

and this convergence is independent of ¢, implying that ¢ is continuous.

Definition 1.2 — Fourier Coefficients

Let f be a 2w-periodic continuous function. Then for n € Z,

1 2w

= — e~ dt
=5 A f(t)e

is the n-th Fourier coefficient of f, and we denote ¢, = f(n).

Theorem 1.1 — Calculation of Fourier Coefficients and Estimation

Let f be 2m-periodic and p-times differentiable, with f®) absolutely integrable (it suffices that
f € WPL). Then the following hold:

1. The n-th Fourier coefficient of f®) is (in)? - ¢,.

2. ¢, = O(|n|™P), i.e., |cy| < M - |n|P with

1 27\'
M ®)(4)| d
/0 O @)t

T o

Proof. 1. We obtain by (multiple) integration by parts:

27

27
/ SOV @) (—in)em dt = (i) — [ f(t)e " dt
0 21 Jo

1 2 () it
— Pl(t)e™ ™ dt = —
5 | 1w

1
2T

where the boundary terms vanish due to periodicity.

2. From the above, we have:

1 27 . 1 2
|- nf? = |— ®) (t)e ™ dt| < / ®)(1)| dt
ol i = | [ io0emal < o [Ti00)

™ Jo

Remark 1.1

In particular, (c,) is absolutely summable if f € C? (or f € W), With greater effort, it can
also be shown that f € C would suffice.

Theorem 1.2 — Convolution Theorem

Let f, g be continuous and 27-periodic. Then the convolution of f and g, defined by
27

(Fe)=5- [ fe=rigr)dr

is again 2m-periodic and continuous. For the Fourier coefficients of the convolution, we have:

—

Frgn)=Ffn) gn), neZ
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Proof. The periodicity and continuity are clear from Analysis II. Now we calculate:

o 1 27 1 27 )
f*gln)= ( fit—=m)g(7) dT) et qt

%0 2770

1 2 21 21 ) )
(2> / ft— T)e_m(t_T) ~g(r)e”""" dtdr
™ 0 0

Set s :=t — 7, then we obtain:

Thus, the claim follows. O

Remark 1.2 — Generalization

The Fourier transform is also defined for n € R, and the convolution theorem holds for this case
as well.

Remark 1.3 — Outlook
Can a continuous function f be recovered from its Fourier coefficients? That is, does

o0

f(t); Z Cneint

n=-—oo

We will see that without additional conditions on f, the sequence (c¢,) is not absolutely
summable. Even if (c,) is absolutely summable, does f(t) = é(t)?7 We will later see that
this is indeed the case.

Theorem 1.3 — Fejér’s Theorem (Fejér, 1904)

Let f: R — C be continuous and 27-periodic with Fourier coefficients

1 2T )
(Cn)nEZ = % 0 e_lntf(t) dt

Then the following holds:

Z (1 L >cke’kt — f(t) uniformly in ¢

= n+1
Proof. 1. We consider the convolution with the convolution theorem:
, 1 [ .
(einr * f)(t) — %/ ezn(t—T)f(T) dr = emtcn
0

Thus, by linearity:

> (1= ) ey = e

j=—n
with the so-called Fejér kernel K, for which we have:

n

K,(t)= > (1 _ n@l) Giit

j=—n
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2. We show that the reduction formula holds:

This is shown using the definition of the sine function, where we use the identity:
t 1 1 _. 1 1.
sin? (2) = 5(1 —cost) = —ie_” t35- ze”

Direct computation then gives the identity:

I AR || it 1 I 1 1,
i - _Z 1— ijt _ _ = —i(n+i)t - T i(n41)t
( ) 2 nt1)S Tar1\4° toge

j=—n
1
= sin? (n+ 1)t
n+1 2

This simplifies to:

3. We now consider some properties:

(a) Due to the orthogonality relation:

1 %K(t)dt: En: - 1/2ﬂez"7‘tdt:1
2 0 " K n+ 1 27 0
j=—-n N ,
=550

(b) Kn(t) >0 Vt, n due to the reduction formula.
(c) V6 € (0, ), we have:
27 —0
lim Kn(t)dt =0

n—oo E)

because
1 1

n+1sin® ($)

K,(t) < =0 as n— o

4. Tt follows that:

()0~ 10 =5 [ K (=7 = S0 ar
and thus: o
; K,(r)(ft—7)—f@t)dr=5L+1
where

8 2m—0
11:/ (f(t=7) = f(t)) Kn(r)dT and 12:/5 (f(t =7) = f(t)) Kn(7)dT

)
We estimate:

s

1 /0 1
I < max 7t =) — /0)] Z[JKH(T)dT <o [ Kurar=1

I T™J—x

We estimate the second part:

0<6<2rm

1 2w —§
B<g2 ma |fO) [ Ka(r)lar
&

—0
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Thus, for n — oo, we have:

limsup |(K, * f)(t) — f(¢)]| < max |f(t —7) — f(t)] for V§e (0,7)

n—00 [T]<é

As § — 0, the term tends to 0 due to continuity. Since f is uniformly continuous, the
convergence is uniform. Thus, K, * f(¢t) — f(¢) uniformly in ¢.
O

Remark 1.4
It should be noted that

> (1M e (3 )

k=—n

is the arithmetic mean of all partial sums, where the partial sums need not necessarily converge.

Theorem 1.4 — Uniqueness Theorem

Let f and g be 2m-periodic and continuous functions with the same Fourier coefficients. Then

=g

Proof. We have

n

f@) = nh_)rr;o Z (1 - n|i—| 1) cjet =g(t) Vit

j=—n

Theorem 1.5 — Representation via Fourier Coefficients

Let f be a 2m-periodic and continuous function. If the Fourier coefficients are absolutely
summable, then:

ft) = i cpe™ Vit

n=—oo

Proof. The function f and the series have the same Fourier coefficients, and by the uniqueness
theorem, both functions must coincide. O

Remark 1.5

This is particularly true if f is once continuously differentiable (i.e., f € Wi1).

Theorem 1.6 — Interpretation of Fejér’s Theorem

Every continuous 2m-periodic function can be uniformly approximated by trigonometric polyno-
mials.

Proof. This follows directly from the statement of Fejér’s theorem. O

Theorem 1.7 — Weierstrass Approximation Theorem

Every continuous function on a compact interval ¢ : [a,b] — R can be uniformly approximated
by polynomials, i.e., Ve > 0, there exists a polynomial p such that

max |p(z) — g(x)| <e.
z€[a,b]
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Proof. Without loss of generality, assume that [a,b] = [—1,1]. Set f(¢) = g(x) for x = cost, or
more precisely ¢ = arccosz € [0,7]. Next, extend f as an even function, i.e., f(—t) = f(¢), and
note that f is continuous.

For even functions, we have c¢_,, = ¢,,, because:

1 2 1 0 ) 1 2m )
c_ — e f(t)dt = / e " f(—1)dr = —/ e "7 f(—71) dr = ¢y
0

n= 2 0 o % —or 2

due to the transformation of variables and the 27-periodicity.

Furthermore, by Fejér’s theorem, we know:

n

il it — 3 k
Z <l_n+1 c;e” —Co+2; 1—m cy cos(kt).

j=—n

We also know that the left-hand side converges uniformly to f(t). Since cos(karccosz) = Ty (x),
the k-th Chebyshev polynomial, we obtain:

co + 2zn: (1 _ nil) xTh(z) = 9(x).

k=1

Remark 1.6

The convergence in the last theorem can be arbitrarily slow. It will be faster if the coefficients
decay rapidly, which is particularly the case when the function is frequently differentiable.

1.2 Discrete Fourier Transform

We consider finite sequences © = (zo,...,rx_1) € CV periodically extended to arbitrary integer
indices (if needed). That is, we set xz = ay if k = ¢ mod N.

Definition 1.3 — Discrete Fourier Transform

The mapping Fy : CV — C¥ is defined by Fyz = & with
N—1 A
T = Z wfv']mj,
7=0

where wy = €' ¥ is the primitive N-th complex root of unity, i.e., wl = 1.

Remark 1.7

If N is clear from context, we simply write w for the root of unity.

Remark 1.8 — Computational Complexity

The direct computation of the discrete Fourier transform requires about N? operations (mul-
tiplications and additions). We will later see that the Fast Fourier Transform (FFT) requires
about N log, N operations if N = 2F.
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Lemma 1.1 — Orthogonality Relation of the Discrete Fourier Transform

It holds that: N1
whbiphm — {N, {=m mod N

P 0, otherwise

Proof. Let w =w~!. For { =m

N-1
1=N.
k=0
Otherwise, it follows that
0 k = k(£ ) ( 5N
ke, — -m WN
3 = S - LT
k=0 ~ Wy
O
Theorem 1.8 — Parseval’s Equation
Let CV be equipped with the Euclidean norm. Then we have:
| Fxal = o), Vo eC
- NZ|| = [|Z]], € )
VN
i.e., this transformation is an isometry/unitary mapping. Explicitly, this means:
= N-1
A2 2
LSl = S 1ey
k=0 7=0
Proof. We compute:
N-1
121 =) #xdw
k=0
N—-1N-1
-3 3 it X oz
k=0 ¢=0
DD I
L m
=Ndim
N-1
=N Z TyTy = NHZ‘HQ,
£=0
which proves the equality. O

Notation 1.1 — Fourier Transform Matrix

The mapping Fy : CV — C¥ is linear and represented by the matrix (w’;\f)g 3 10 Similarly, we
define:

Fn:CYN =V, with matrix (wf\?)kNJ L= (wy).

Theorem 1.9 — Inverse Discrete Fourier Transform

We have:

1 -
Fn' =57
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or explicitly,

N-1
1 .
T = k§70: Wiy, forj=0,...,N—1.

Proof. From the orthogonality lemma, we know that Fy - Fy = NIy. Explicitly,

N—-1 N-1 N-1 N-1
ks Tg Mkt = Nxj.
k=0 £=0 =0 k=0
Thus, dividing by N gives the result. O

Definition 1.4 — Pointwise Product

For sequences z,y € CV, the pointwise multiplication is defined as:

(T - Yk = Ty

Definition 1.5 — Convolution Multiplication

For N-periodic sequences z,y € CV, we define the convolution product z xy € CV as:
N-1
{,E * y Z Le—35Yj-
7=0

Theorem 1.10 — Convolution Theorem

The Fourier transform converts convolution into pointwise multiplication:

Fn(zry) = (Fyz) - (Fyy)-

Proof. We consider the m-th component of the left-hand side:

N-1 N-1
(Fn(zxy)) Z whik Z Th—jYj-
k=0 §=0
Using index shift k — j = ¢:
N—1N-1
wm(fﬂ)
§j=0 £=0

Since sequences are N-periodic,

N—1
7=0 =0
proving the claim. O

Corollary 1.1 — Properties of Convolution

Since pointwise multiplication is commutative and associative, convolution is also commutative
and associative.
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Corollary 1.2 — Direct Computation of Convolution

We have: 1
T *xYy = N]?N(]:NI . ]:Ny),

which provides an efficient way to compute convolution using the Fourier transform.

Remark 1.9 — Computational Effort for Convolution

A direct computation of the convolution requires approximately N2 multiplications and addi-
tions. With the FFT, we need N log, N operations for the transformation, only N operations
for the pointwise multiplication, and another N log, N operations for the inverse FFT. Thus,
using the FFT, we require only 3N log, N + 2N operations.

1.3 Fast Fourier Transform (FFT)

Given a vector © = (zg,...,7x_1) € CV, we aim to compute & = Fyx.

Theorem 1.11 — Reduction Formula

We split the vector x into two vectors u and v, where u contains the even indices and v the odd
indices:
_ N
T = (Uo,’l)o, U1, V1, ... 7uN/2—1a UN/2—1) S (C

Then, for k =0,...,N/2 — 1, we have:

(Fna)e = (Fnyuw) + wi (Fx/av)k,
(FNT) kN2 = (Fnjou)r — wfv(FN/zv)k.

Proof. We compute the k-th entry of Fyux:

N/2—1 N/2—1

k(2j) 2J+1
fok—E wag E wy T ug + E

Since wf\? = wN/Q, this simplifies to:
N/2—1 N/2—1
(Fnx)k Z wN/Quj + wh; Z wN/ZUJ = (Fn/2u)k +wfV(FN/2v)k.
Due to periodicity, we obtain the second equation using wy, KEN/2 wﬂ“vwx/ 2 —wfv. O

Remark 1.10

If Fyjou and Fy/ov are known, we require N/2 multiplications and N additions to compute
.7:N$.

Remark 1.11 — Historical Note
This formula dates back to Cooley-Tukey (1965). Similar ideas were found by Danilson and

Lanzos (1942), Runge (1925), Gauss, and even Caesar’s "divide et impera.”
Remark 1.12 — Algorithm Complexity

If N = 2% we can recursively divide the vector L times until we obtain vectors of length 1. This
results in a computational cost of L - N/2 multiplications, where L = log, N
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Theorem 1.12 — Computational Complexity of FFT

For N = 2&, computing Fyz requires:
1. 1Nlog, N complex multiplications,

2. Nlogy N complex additions.

Remark 1.13 — Order of Elements

During the execution of the FFT algorithm, the order of elements is permuted. Using binary
representation, we obtain the order by reversing the binary digits:

Input (Decimal) Input (Binary) Output (Binary) Output (Decimal)

0 000 000 0
1 001 100 4
2 010 010 2
3 011 110 6
4 100 001 1
5 101 101 )
6 110 011 3
7 111 111 7

Thus, the order is obtained by mirroring the binary digits.

Remark 1.14 — Comparison with Direct Computation

We summarize key values that highlight the advantage of FFT:

N N?  Nlog, N Quotient
25 =32 103 160 6.4
210~ 10% 106 104 100

20 ~10 102 2-107 50, 000
1.4 Approximation of Fourier coefficients, trigonometric in-

terpolation

We would like to clarify the relationship between the discrete and continuous Fourier transforms.
The Fourier coefficients for a 2m-periodic, continuous function f are given by:

fm=en=y- [ it g0y dt

27
We approximate the integral using the trapezoidal rule with step size h = 3, obtaining:
" 1 /h . ) . h _.
f(n) = o (2e-m0f<0) +he™ M f () 4 -+ 4 he NI F((N — 1)h) + 2e-"“V’kﬂNh)) .
Y[

Due to the periodicity, we have he™™0f(0) = he~ """ f(Nh), so the trapezoidal rule effectively
becomes the rectangular rule. Thus, we obtain:

1 N— N—
=57 L) = T wisty
J= 7=0

where t; = jh = j QW’T Therefore, f (n) is N-periodic as a vector. This leads to the following
representation:

fv =FRt ()5

which can be computed using the Fast Fourier Transform (FFT).
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Theorem 1.13 — Aliasing Formula

Let (f(n))nez be absolutely summable. Then,

f Z f(n+£¢N).
0#£LE

Proof. From the previous chapter, we know that if the Fourier coefficients are absolutely summable,
we have:

f)y =Y fk)e*.
k=—o00

Now, consider:

N—-1 oo oo N—
futm =5 S w3 J0eF = 3 f z; wy Tl
1= =—00 =—00 =

27

where wy = €~ . The inner sum can be simplified as follows:

1= g ki 1 ifk=n modN,

— w-Mw" =

N & 0 otherwise.

7=0
Thus, we obtain:
> ~
= Y. fn+en,
{=—o00

and for £ = 0, this reduces to f (n), which confirms the statement. O

Corollary 1.3 — Error Estimation for the Numerical Fourier Coefficients

Let f be p-times continuously differentiable (with p > 2) and 27-periodic. Then, for |n| < 3,

we have:

|[fx(n) = f(n)| < C-N7P.

Proof. From the previous section, we know that:

|f(n)| < Co|n| 7P,
with
1 2m ) g
= — fP(t)| dt.
Co o J, | ()]

On the other hand, using the aliasing formula, we have:
[fn(n) = f)[ =Y If(n+EN)| <Y Co-|n+¢N|7P
040 040
For |n| < &, we have |[n+ ¢N| > &. So [n+ ¢N| < N for only one ¢ # 0. This is

[ -1 n>0,
1 n < 0.
For every interval I = [N,2N),[2N,3N),--- and (—2N, —N], (—3N, —2N], - - - there is exactly one
¢ such that n + ¢N € I. This gives us the following in total:

> In+EN|TP < (N/2)” +22m]\7 P <, NP,
0#£0 m=1

where ¢, is a constant derived from the converging sums. Hence, C' = Cyc,, and the result follows.
O
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Remark 1.15

. ; - — ; o 3 _ 27,
For the special case n = 0, we obtain for the grid spacing h = 7:

h N-1 1 21

oo > ft) = o= [ f()di=O@P).

21 0

Thus, the accuracy of the trapezoidal rule depends on the smoothness of the function, i.e., the
trapezoidal rule is very accurate for smooth and periodic integrands.

Theorem 1.14 — Trigonometric Interpolation

The trigonometric polynomial

interpolates f at the points t; = j%’r for j=0,1,...,N — 1.
Proof. Due to the periodicity, we have (in particular et = wX,j):
N—1 4
fn(ty) =" fn(n)wyy.
n=0

We have used that the left and right boundary terms are equal, so the Y/ term vanishes. This
formula means that

. N-1
IvNS = F (Fnm) = FnFR )5S = ()5S
Thus, fn(t) already interpolates the grid points ¢;. O

Notation )/ means that the first and the last term are each taken with the factor %, i.e., for our
sum we obtain:

= () e () oo (31) o (3

This is the interpolation at the nodes t; = j%’“.
It would also be permissible to form one of the following sums instead:

n=—

n:—%+1 n:—% n:—%—&-k

Using this method, we could also prove the theorem. However, we will see that our variant is
the least oscillatory due to symmetry reasons.
Algorithm 1.1 — Trigonometric Interpolation
We assume that f is 2m-periodic. Then we proceed as follows:
1. Compute f(t;) for j=0,...,N —1and t; =j- 2F.

2. Compute fy = f&l(f(tj))jyzgl using the FFT with a computational complexity of
O(N log N) operations.

3. Obtain the trigonometric interpolation polynomial as in the previous theorem.
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Theorem 1.15 — Error Estimate for Trigonometric Interpolation

If (f(n)), is absolutely summable, then:

[fn(t) — )] <2 f(n)]

In|> %
Proof. We use the aliasing formula and obtain:
5 oo
IN@ = F@OI =] > 1in(n)e™ = Y f(n)e™
N n=—oo

|
Mo
~
;’3)
3
N—
|
S~
—~
3
Nt
mb\.
3
o~
|
~
\)
—
3
SN—
mb\.
:

Using the aliasing formula:

— s nl>
< Nfm)+ > 1f(n)]
Im|>% In|> %
<2 1f(n)]
In|>%&
which proves the theorem. O

Remark 1.16
If f € CP with p > 2, then it is well known that f(n) = O(|n|=?). Thus, we obtain: |fx(t) —
f@®) = O(N=P*).

1.5 Inverse Convolution Problem, Regularization, Filtering

Motivation (Problem Statement)
An input signal u = u(x) for x € R enters a device, and a signal b is measured, which no longer
corresponds to the input signal.

We make the following assumptions:

1. uw b is linear.
2. u > b is shift-invariant.

We know that such mappings are convolutions.

Remark 1.17

This problem arises in many areas, such as image or signal processing.

Model Construction (Device Model)
We consider the following model:

/ T ale — y)uly) dy + <(x) = b(a)

where u(y) is the unknown input signal, b(z) is the observed signal, and the term a(z — y) rep-
resents the device function. The term e(x) represents the noise or errors in the model, including
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measurement errors, rounding errors, and model errors. This noise is typically unknown, but we
may know an upper bound for it, so that |e(xz)| < M pointwise or in the quadratic mean, i.e.
ffooo le(z)|? do < M or similar. We aim to reconstruct the input signal u from the observed signal.

Remark 1.18 — Reduction of the problem

In general, a, u, and b have compact support, so that supp(a) = {z : a(x) # 0}. After a variable
transformation, we can assume without loss of generality that:

(@< |-53 W< |53
supp(a) € | =5, 5|, supp(u) € |=5, 5
This implies:
supp(b —¢) C [—m, 7]
since if b(z) # e(z), then Jy such that a(z—y)-u(y) # 0, and thus z—y € [-3, 3], and therefore
x € [—m, 7.
We now extend a, u, €, and b to be 2m-periodic on R. This reduces the problem to:

1 s
o alx —y)u(y)dy + e(x) = b(z) for x € [—m, 7],
which we can express briefly as:

axu+e=>b

or for the linear operator Au = a * u, we have:

Au+e=1>

Remark 1.19

The ”usual” solution method is to solve the linear system Au + & = b in R™ by neglecting the
disturbance e and solving Av = b using standard methods. Then the error v — u = A~'e holds,
provided |[[A™1e|| < ||v||, which is not necessarily true if the matrix is ill-conditioned.
Unfortunately, this is the case here.

Reminder (Convolution Theorem) It is known that: a* u(n) = a(n)a(n)

Remark 1.20

For the Fourier coefficients, we have:
a(n)a(n) + &(n) = b(n) for n € Z

Thus,

where #(n) solves a(n)a(n) = b(n).
However, since the Fourier coefficients of ¢ remain approximately constant, while the Fourier
coefficients of a decay rapidly (if a is smooth), the expression at the back will dominate the

term, leading to the result that

o0 o0 oo

u(x) = Z a(n)e™® = Z B(n)ein® — Z Enn%eim

n=—oo n=—oo n=—oo

| M

For large n, we observe catastrophic error amplification, meaning the problem is ill-conditioned.
This is also referred to as a poorly posed problem, or an ill-posed problem.
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Remark 1.21 — Alternative Approach (Minimization Problem)

We do not want to solve Au = b, but rather we want to minimize ||Au—b|| < |e]|, i.e., if ||¢|| = J,
we require that ||Au — b|| < [|d]].

In general, there are infinitely many such w that satisfy this. We wish to choose u such that
||| is minimal (e.g., using cubic splines). Alternatively, we might minimize ||u||. Thus, we are
looking for the smoothest or smallest possible u, which leads to a minimization problem.

Remark 1.22

We assume that, unless stated otherwise, we consider the L2-norm, i.e.

T 1/2
1= = (5 [ lr@Pas)

—T

Theorem 1.16 — General Form of the Minimization Problem

We want to minimize ||Lu|| and assume that L is linear, e.g., Lu = u”. Additionally, we require
the constraint ||Au — b|| < 4.
The minimum is achieved for ||Au — b|| = .

Proof. Assume this is not the case, i.e., || Lul|| is minimal for some u with ||Au — b|| < §. Consider
@ = (1 — p)u for some p > 0. Since L is linear, we have:

[Lall = (1 = p)|| Lull < || Lull
and for @, we get:
[Aa = bl| = [|(1 = p)(Au = b) — pb|| < (1 = p)[|Au —b]| + pl[b]] <6

This leads to a contradiction for sufficiently small p, so the minimum must occur for ||Au — b|| =

J.

Remark 1.23

In practice, there are often additional constraints, such as considering only solutions that are
monotonic or positive.

Remark 1.24

It is a reasonable assumption that ||b|| > d, otherwise, the observed signal would be weaker than
the noise. This directly implies that uw # 0, and hence the problem cannot be trivially solved.

Definition 1.6 — Tikhonov Regularization

We consider a fixed a > 0 as a regularization parameter. We solve the minimization problem
without the constraint:
| Au — b||* + a||Lu||*> = min

As a — 0, we get ||Au — b|| = 0, but ||Lu|| becomes arbitrarily large. As o — oo, we get
|Lu|| = 0, but ||Au — b|| becomes arbitrarily large. The optimal « should be chosen so that
|Au — b|| = |lg]|, if € is known. Otherwise, it must be determined empirically until the result
”looks good”.

Remark 1.25

We now clarify the connection between the minimization and regularization problems: We re-
strict ourselves to a finite-dimensional problem, i.e., b € R™ and u € R™. Then A, L are matrices,
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and || - || denotes the Euclidean norm. We have:
|Lul|3 = u" LT Lu, ||Au—0|3 = (Au —b)T (Au — b) = u” AT Au — 2u” ATb + b7
The general solution f(u) = min and g(u) = 0 satisfies:
f'(w)+4gw)'™A=0, g(u)=0,
where A is a Lagrange multiplier. We then obtain the following two conditions:
2L  Lu + 2AT Au — 2AT0)TA =0, NeR, |Au—b|2—*=0.

Thus, we have (LTL + AAT A)u = AATb. For a fixed ), this is the solution to a minimization
problem without constraints:

1
| Lul|3 4+ A||Au — b||3 = min, so for a = we have : ||Au — b||3 + || Lu||3 = min .

X7

Theorem 1.17 — Tikhonov Regularization

Let Au = a*u and Lu = u®. The solution to the minimization problem for o > 0 as a given
regularization parameter is:
la  w — b3 + af|u® |3 = min,

for u a 2m-periodic function with a square-integrable p-th derivative, and is given by the Fourier
coefficients: A
la(n)]? b(n) e
i(n) = { TG ren® a1 a(n) £0,
0 if a(n) = 0.
We define the regularization filter ®,(n):

la(n)?

D, (n) = TGP + an®’

Proof. By the Parseval formula, the regularization problem is equivalent to:

o

XIOMMMM—%m2+mﬁmww)=mm

n—=—oo

=:A,

where we have used the convolution theorem and the fact that u(P)(n) = (in)Pa(n). The expression
becomes minimal if each individual summand is minimized.
For the n-th summand, which we define as A,,, we compute:

A = la()Pla(n)]® — a(n)a(n)b(n) — aln)a(n)b(n) + [b(n)|* + an’|a(n)

= (| (n)[* + an®) - Iﬂ( )\ —2Re A(n) a(n) - b(n) | +[b(n)[*.
,.T %/_/
Thus, we must have:
r|z|* — 2Re(Zs) = min, or for ¢= ; then applies |z|? — 2Re(Z¢) = min
but due to quadratic completion it applies:
|2 — 2Re(zq) > [2[* — 2|z - [a] + |g]* — laI* > ~q?

- a(m)2 b(n)
[a(n) + an? a(n)”

a(n) =
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1.6 Numerical Deconvolution, Smoothing of Measured Data

Remark 1.26 — Motivation (Problem Statement)

We have the same assumptions as in the previous section and the problem a xu + € = b is given,
where a, u, and b are 27-periodic and € € L?. We are given the conditions:

Hu(p)HLz =min, |la-u—20|g2 <4.

Now, b is measured at discrete points z; = QW” j, so we replace b with the trigonometric interpo-
lation polynomial by, leading to the following conditions:

||U§\Z/))||L2 = min, ||a *UN — bNHLz <.

Definition 1.7 — Regularization

We choose o > 0 and obtain the regularization problem:
oy = bxll7s + aju |7 = min

among all trigonometric polynomials up(x):

N/2

un(z) = Z 1 (n)e™®.

n=—N/2

From the theorem in Section 5, we know that:

R Z)N(n) N N
_ A
’LLN(’I’L) a(n) &(n) ) n 2 ) ) 2
Algorithm 1.2 — Practical Computation
We are given b(z;) for j =0,...,N —1, as well as a(x) or a(n).

1. Compute with the FFT, as in Section 4:

(vt = SO

with a total of N log, N operations.

2. The Fourier coefficients of the apparatus function a(n) are either given (often only a(n) is
provided, not a), or we approximate ays(n) with M > N, potentially even M > N.

3. Then calculate:

UN(TL):W7 7’L——5,...7

4. Next, compute the discrete Fourier transform using FFT:

(un ()" = FnCan(m) iy

with Vlog, N operations.
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Remark 1.27 — Choice of Regularization Parameter

We want to know how to determine or approximate the regularization parameter «. If the
estimate (this term is also called the variance):

2

1 Nl
o~ N Z le(as)[® = [lel|z2
j=0

is known, we start with some « and compute (using the Parseval formula):

w2
w[Z

di = llaxuy =byllz = Y fa(n)an(n) - by(n))* = 11— @4 (n))*bn ()],

- N =
n= Pl n=

w|Z

We then choose « such that d, =~ 6. Note that o +— d, is monotonically increasing, so this

process can be iterated relatively easily. At the optimal a, we compute @y (n), and then, using
FFT, obtain un(z;).

Remark 1.28
If the variance is unknown, the procedure makes no sense. However, statistical methods can
determine an optimal regularization parameter A\. This can be found in the literature under the
term “generalized cross-validation.”

Remark 1.29 — Smoothing of Data

We have measured values b(z;) and a variance of the measurement error that is approximately
4. We are looking for a trigonometric polynomial uy with:

lun — b7 =

2=

N-—1
3 Jun(w;) — b(a;)? < 62 = min,  [ul)[| > = min.
7=0

Using our formula, we can compute this directly. For the special case a(n) = 1, we have axu = u,
which corresponds to convolution with the Dirac delta function. For p = 2, we obtain:

— 1 7
T 14 ant

N(n)

ﬂN(n)

We note that the high-frequency components of l;N(n) (for large n) are filtered out by this
formula, which results in smoothing. By the inverse Fourier transform, we eventually obtain the
desired uy.

Remark 1.30 — Approach for Non-Periodic Data

If the data are not periodic, we subtract a fitting line such that it fluctuates around a level and
then extend it periodically.

Remark 1.31

An alternative approach would be to smooth the data using splines instead of Fourier transforms.
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Remark 1.32 — Differentiation of noisy data

We want to find the derivative of the data, i.e., u = b’. Thus, we have:

/ju(t) dt = b(z) — b(0).

We have 4(n) = inb(n), so:

1 o
= aln) =b
L a(n) = bin)
=:a(n)
This leads to a new minimization problem:
F-1 1 R 2
> |an(m) —by(n)| <6 fun”ll3> = min.
i
For the special case a(n) = -1, we get:
() = — by () = —— ()
in(n) = ————inby(n n).
N n2+ant N

- 1+ anb

25
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Chapter 2

Eigenvalue Problems

In this chapter, n denotes a positive integer.

Review — Left/right eigenvectors

Let A € C™*™. If there is (A, v) € C x C" such that Av = Av, then A is called an eigenvalue of
A and v an eigenvector of A associated to A. If there is (k,u) € C x C™ such that u*A = rku*,
then « is also called an eigenvalue of A and u an eigenvector of A associated to k. When it is
not specified, an eigenvector usually refers to a right eigenvector.

Question
Why don’t we need to distinguish left and right eigenvalues?

Answer

Due to the fact that the determinant of a matriz B is equal to the determinant of its transpose,
by taking B = A — M we get xa(\) = det(A — X\I) = det(AT — X\I) = x47()\), where xa is
the characteristic polynomial of A. Notice that u*A = ru* <= ATu = ku, hence K is an
eigenvalue of AT. In other words, k is also an eigenvalue of A. Hence, all left eigenvalues are
right eigenvalues, and there is no need to distinguish them.

Note
The eigenvectors are conventionally taken to be of unit £2 norm, since for any c € C,

Av =X v <= A(cv) = A(ew).
Taking ¢ = 1/||v||2, the eigenvector u = cv is of unit £2 norm.

In this chapter, we will generally assume that eigenvectors are normalized.

Review — Diagonalization

A matrix A € C"*" is said to be diagonalizable if there is an invertible matrix P € C"*™ and a
diagonal matrix A € C™*" such that
PT'AP = A

2.1 Fundamentals

Motivation
There are numerous applications where eigenvalues are required:

1. In mechanics (physics), for example, one is interested in the natural vibrations of membranes.
If u(x) represents the deflection on a domain ), then we require that

—Au=Xu in £, u=0 on ONQ.

27
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For a grid over Q, we obtain the discretization

Av = .

2. In biology, the Lotka-Volterra predatorprey model is frequently used to describe the dynamics
of two interacting species:

d

& = or By
dy

_— = = (5
dt YY + oxy,

where x (resp. y) is the population density of prey (resp. predator). The system’s equilibrium
is obtained when fi—f = % = 0, which yields two points:

The stability of fized points is studied by looking at eigenvalues of a certain matric.

o {x=0,y=0}: there are always one positive and one negative eigenvalues, hence the
equilibrium is unstable

° {.’L’ =1 y= %} there are always two complex conjuguate eigenvalues, hence the pop-

ulation oscillates with time around that point, and the system is stable in a certain
sense.

8. Search engines: “The 25,000,000,000 Dollar FEigenvalue Problem”, which we will discuss
later in the context of Google’s mechanism.

2.1.1 Review (Characteristic Polynomial)

Review — Characteristic polynomial

For A € C™"*™, the characteristic polynomial x4 of A is defined by xa(A) := det(A — AI).

The condition Av = Av is equivalent to det(A — AI) = xa(A) = 0. One might consider first
computing the characteristic polynomial and then finding its roots to obtain the eigenvalues.

Note
The equivalence is shown as follows:

(A—Xv =0 for somev #0 <= (A— ) is singular <= det(A — XI) =0.

Example 2.1 — Poor Conditioning

Let A = diag(10,11,...,16) be a 7 x 7 matrix. Here, it is clear what the eigenvalues are, and
the characteristic polynomial is:

xa(A) = (10 =A) (11 = X) -+ (16 = A) = —AT +91A° — 3535)\° + ... — 31813200\ + 57657600.
If one computes the roots of x4 in single precision (i.e. eps = 1078), the resultﬂ is:
9.97, 11.31 —0.30¢, 11.37 4+ 0.33¢, 13.47 — 0.76¢, 13.57 4+ 0.767, 15.51 — 0.097, 15.80 + 0.06:.

This does not correspond to the actual eigenvalues. The problem is that computing the roots of
a polynomial from its coefficients is a poorly conditioned problem.

%Results obtained via the Julia programming language with Float32 precision (giving between 6 and 9 digits
of precision)
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Remark 2.1 — How to explain poor conditioning of the root-finding problem?

Let .
A) =) aphk,
k=0

and we suppose its roots are simple (i.e. they are all distinct). The coefficients {ay} are the
“real” ones, but numerically they are only known up to a certain precision 7: the computer only
sees coefficients {ay (1 + €x)} for some |ex| < 7, and the polynomial seen by the computer is

n

n
€
=D (ax tare)A =7 [aw+a—n | A =p() +a(Vn
k=0 k=0 i
——
=:bg
with g(A) = > p_ beA® and |by| < |ag|. We study the roots A(n) of p(A,n) = p(A) + ng(A) as
a function of . Let A(0) = A* be a simple root of p. We consider the differentiable function
n — A(n) defined by p(A(n),n) = 0 for all n with |n| < ny. It exists and is unique by the implicit
function theorem, hence:

dp dp B
P (AM)N (m)+0O(n) a(A(n))
Thus,
An))
)\I ~ — q( , )\ ~ )\* + )\/ 0 ,
(n) O (n) nA'(0)

and the relative error is:

M) = YO ’ g(\)
X ] ool

The term

can become very large. Coming back to Example we have

qa(A\*)
A*p/( *
1
qg(\) = ; (—20AT + 9161 A° + - - — 31813200e6 A + 57657600e7) ,

and thus for A* = 10 we obtain

1
lg(A)| < ; (Jeo(A)T| +[91e1 (A*)®| + - - - 4 |31813200e6 A*| + |57657600e7|)
< )T 4 [91(A*)8] + - - - + |31813200)\* | + |57657600
<10"+91-10"4--- +31.8132- 107 4+ 5, 76576 - 107
~ 10

and |p/(A*)| = 720 ~ 103. So the relative error is n - 10%, which means that we lose about four
significant digits in the decimal expansion of the roots. Therefore, it is numerically unreasonable
to compute the coefficients of the characteristic polynomial with a coarse precision.

Proposition 2.1 — Obtaining eigenvectors by similarity transformations

Let A € C™ ", and T € C™*" invertible. If B = T~1 AT, then
Av =\ <= TBT 'v =\ <= B(T 'v) = \(T ).

Thus, B and A have the same eigenvalues, and v is an eigenvector of A if and only if T~ 'v is an
eigenvector of B.
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Definition 2.1 — Unitary/orthogonal matrix

The matrix U € C"*" is unitary if U*U = UU* = I, where U* = UT. In other words, U~* = U*.
If U is real, then U* = U and U is said to be orthogonal.

Exercise
Let Uy, ..., U, € C"*™ ynitary matrices. Show that V =U;y--- Uy is a unitary matric.

Answer
We have V* = U} - - Uy hence, owing to the unitary character of each matriz Uy,

VYV =U} - UU - U, =Uf - UUy - Uy = --- =1,

and
VV*=U---UU} - U =Uy--- U1 Uf - Uf =--- = 1.

Theorem 2.1 — Schur’s normal form (1909)

Let A € C™*", there is a unitary matrix U such that

A *x ... %
vrav = | 0
0o ... 0 X\,

is an upper triangular matrix. This form is called Schur’s normal form.

Proof. The characteristic polynomial x 4(A) has a root A; € C, which is an eigenvalue of A. Thus,
there exists an eigenvector 0 # v; € C™ such that Av; = A\jv;. We can assume without loss of
generality that ||v1]|2 = 1. We now construct (using Gram-Schmidt) a matrix Vi = (v1,va,...,0,)
with vy, ..., v, chosen so that vy, vs,...,v, form an orthonormal basis (ONB) of C". In other
words, V7 is a unitary matrix.

We now consider

A1 x
AVy = (Avy, Avs, ..., Avy) = V3 (01 A)

We proceed in the same way with the matrix A e Ctn=Dx(n=1): there exists an eigenvalue Ay € C
of A and an associated unit eigenvector @2, so one can construct an ONB of C"~! by the Gram-
Schmidt procedure. This yields a unitary matrix Vo € C=1*(=1) guch that

N )\2 * ~ )\2 *
AV, =1, 2] = A=V, 2 Vo
0 A 0 A

Hence,
M * ooy (M E 1o
= Aok = 0 X *
A=Wl oy (2 5wy Vl(o v2> 2% (0 v2>
0 A 0O 0 A

Finally, since (1

0. . .
0 Vv 18 a unitary matrix, we get
2

*
1 0 1 0

= 0 X *

W)=l
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By repeating this process, we get a matrix U € C(*~1*(n=1) of the form

1 0 ... 0 0
10 0 0 1
1 0
=l w)
3 0 0 1 0
0 0V,

n—k+1)x(

where each matrix V;, € C( n—k+1) is unitary. The matrix U is unitary as a product of

unitary matrices, and it satisfies

)\1 * *
av=v|® *
S
0 0 M
The claimed result is obtained after left-multiplying by U*. O

Review 2.1 — Hermitian and symmetric matrices

A matrix A € C"*" is said to be Hermitian if A* = A and skew-Hermitian if A* = —A, where
A* = AT, A matrix A € R™ " is said to be symmetric if AT = A, and skew-symmetric if
AT = —A.

Note
In some contexts, an Hermitian/symmetric matriz can also be called self-adjoint when seen as a
linear operator.

Definition 2.2 — Normal matrix

| A matrix A is normal if AA* = A*A (when A € C™*") or if AAT = AT A (when A € R™*").

Lemma 2.1

A normal upper triangular matrix is diagonal.

Proof. Let R € C"*™ a normal upper triangular matrix

11 ... T1n
0

R=1 . |
0

with Ry € C»=Ux(=1) an upper triangular matrix. Since R is normal, R*R = RR* and we get

M1 ... T1 1 ... T1
T1,1 0 ... 0 O’ g 0’ g T1,1 0 0
. . = . . s
RT : Rl : Rl i RT
T1,n 0 0 T1,n
i.e.
2 n 2 *
71,1 Tririz .- TiiTin > =1 Il (r2 ... 7T1a) R}
r1,2T1,1 T1,2
S n—1 = .
(MLiririj+1); - + RiR Ry | R R}

T1nT1,1 Ti,n
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The component at index (1, 1) yields |ry 1|? = Z;;l Ir1,;1%, i.e. 71; =0 for j = 2,...,n. Hence,
lria2 0 ... 0 lral> 0 ... 0
0 0
: RiR, || RiR: |°
0 0

i.e. the matrix R; is normal. In other words, the first row of a normal upper triangular matrix
has all its off-diagonal terms equal to zero. Since R; is also a normal upper triangular matrix, by
induction we obtain that R is a diagonal matrix. O

Theorem 2.2 — Spectral theorem

A matrix A € C"*" is normal if and only if there is a unitary U € C™"*" such that
A 0
UrAU = .
0 An

Proof. [=] The Schur normal form of A yields a unitary matrix U and an upper triangular matrix
R such that U*AU =: R. Since A is normal,

R*R=U"A"UUAU = U*A*AU = U*AA*U =U*AUU*A*U = RR".

The matrix R is normal and upper triangular, hence diagonal.
[<] One has A = U diag(\1, ..., \,)U™, thus

A*A =Udiag(\y, ..., \)U U diag(A1, ..., \,)U* = Udiag(|\]?, ..., |\2) U™,

and

AA* = Udiag(Ay, ..., \)U U diag(Ay, ..., M) U™ = Udiag(|M %, .. ., AU
The matrix A is then normal. O
Question

Show that the \; in the spectral theorem are the eigenvalues of A.

Answer
Let k an eigenvalue of A, it is a root of the characteristic polynomial xa: xa(k) = 0. On the one
hand

det(U*AU — kI) = det(U* AU — kU*U) = det(U*)xa(x) det(U) = xa(k),
where the last equality is due to U being unitary hence det(U*) det(U) = det(U 1) det(U) = 1. On
the other hand,
det(U*AU — kI) = det(diag{\1 — K, ..., A\, — K}).
Thus, k is a root of xa if and only if det(diag{\; — K, ..., A\n — &}) = 0. The determinant of a
diagonal matriz is equal to the product of its diagonal elements, hence it is zero if and only if at

least one element is zero, i.e. if there is a j such that k = Xj. This shows sp(A) C {A1,..., Ap}.
It is clear that {\1,..., A\n} C sp(A), since xa(\;) = det(UAU — \;I) = 0.
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Theorem 2.3 — Jordan normal form

For every A € C™*", there is an invertible matrix 7" such that

Jo (A1) 0 0
riar=g=| R
: 0
0 ... 0 Jnk()\k)

A0 ... ... 0
1A :

N =10 1 . . i]eCmm
: .. .. .0
0 ... 0 1 A

The number of Jordan blocks associated to a given A is given by dimker(A — AI), and the sum
of the sizes of all Jordan blocks associated to A is given by its algebraic multiplicity (i.e. the
multiplicity of A as a root of x4).

Proof. Linear Algebra II. O

Remark 2.2

On the sub-diagonal of a Jordan block, there can be entries € # 0 instead of ones. Sometimes,
the ones of the sub-diagonal are instead on the sup-diagonal.

2.2 Conditioning of the Eigenvalue Problem

Motivation
Let A = (ai;) be a given matriz. Due to rounding errors, we can only work with a perturbed matriz
A = (a;) such that a;; = a;j(1+ &) with |ei;] < n, where n > 0 is the numerical precision. Thus,
we can write:

=

A=A+n-C, ¢y= aijﬁa leij| < lag]-
We consider A(n) = A+ nC for small n. We want to find an estimate for the eigenvalues like:
|A(7) — A(0)] < conmst. - 7.

Is this even possible, and if so, with which constant? We will see with the following theorem
that this depends on a constant that depends on A.

Lemma 2.2

Let A € C**™ and A € C a simple root of xy4. Let u,v € C™ be respectively left and right
eigenvectors of A associated to A. Then

uw v # 0.

Proof. (Done in Exercise). Since A is a simple root of x4, its algebraic multiplicity is one. With
respect to the Jordan form, it means that the sum of the sizes of all Jordan blocks associated to A
is one. Hence, the Jordan form of A is

i (A0
TAT(O 7



34 CHAPTER 2. EIGENVALUE PROBLEMS

where J' € C(r=1x(n=1) ig o matrix in Jordan form and T' € C"*™ is an invertible matrix. Since

_ A0 1, (A0 1
AT—T(0 J’) and T A_<O J,>T ,

we deduce that the first column of T is a multiple of v, and that the first row of 77! is a multiple
of w*. Thus, there are nonzero complex coefficients «, 5 such that

v=al; and wu=pT"").1.

We can write T = (v/a,Ty) and T—* = (u/B3,Z;) for some matrices T}, Z; € C**(»~1 By
definition,

[=T7'T=(T")'T = (“ZCB) (v/a Ti) = (“Zi/qff‘f) “Z?T/IB> .

Looking at the component at index (1, 1), we get u*v = a3 # 0. O

Definition 2.3 — Condition number of an eigenvalue

Let A € C"*™ and X € C an eigenvalue. Let u (resp. v) denote a left (resp. right) eigenvector
associated to A. The quantity 1/|u*v| is called the condition number of the eigenvalue A.

A “well-conditioned” matrix means that small perturbations only result in small changes. For
a given matrix A € C™*™ if the condition number of an eigenvalue A is large it means that small
perturbations of A may result in large perturbations of A\. The condition number of an eigenvalue
can be understood as a measure of the “continuity” of this eigenvalue depending on the size of the
perturbation.

Theorem 2.4 — Error estimate for a simple eigenvalue

Let A € C"*™ and A a simple root of the characteristic polynomial x 4. For small €, an eigenvalue
of A(e) = A+ eC satisfies the following relation:

uw*Cv

u*v

Ae)=A+e + O(?)

where v is an eigenvector of A associated to A and w is a left eigenvector of A associated to A.

Proof. Using Lemma [2.2] we know that u*v # 0. We start by showing that there is a differentiable
eigenvalue A(e) and an associated normalized eigenvector v(e) depending on € such that A(0) = A
and v(0) = v. This is done using the implicit function theorem.

For that, we consider the function

Fleomw) = ((A(s) - mI)w) .

w*w — 1

It is a O function of the three variables, and F (0, \,v) = 0 by definition of A and v. We compute
the Jacobian of F' with respect to (k,w), evaluated at the point (¢ =0,k = A\, w = v):

(D(s)F) (0,A,v) = (Do F, Dy, F, ..., Dy, F) (0,\,v) = (” A- M) .

0 v*

For the derivatives with respect to a complex variable z = z + iy € C, we have used the Wirtinger

derivative: % = % (a% — 8@). We now show that this matrix is nonsingular, i.e. that its kernel
Yy

is the zero element. Assume the matrix is singular, then one can find (z,y) € (C x C™) \ {0} such

that
(—v A—/\I> (z) —vz+(A=-X)y=0
N =0 <=
0 v Y vy =0
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Left-multiply the first equation by u* to obtain
—zu*v+u*(A— M)y =0.

However, since u*(A — AI) = 0 and u*v # 0, we get © = 0. The equation (A — A\I)y = 0 means
y = ker(A — AI). But since A is an eigenvalue of algebraic multiplicity one, it is also of geometric
multiplicity one which means that dimker(A — AI) = 1. Since the kernel is a C-linear space and
we know v € ker(A — AI), we obtain ker(A — A\I) = span{v} = {aw : @ € C}. Therefore there is
¢ € C such that y = cv. The equation v*y = 0 yields ¢ = 0 since v*v = 1. Hence, there is no

(z,) € (C x C™) \ {0} such that
(—011 A ;*M> (z) L

In other words, the matrix (D(K,w)F) (0, A, v) is invertible, i.e. its determinant is nonzero. The
implicit function theorem now applies, and we get the existence of a unique differentiable function
w(e) = (A(g),v(e)) € C x C™ such that F(e, A\(e),v(g)) = 0 for |¢| small enough, i.e.

(A=) = M) v(z) = 0, lo(@)ll2 = 1, v(0) = v, A(0) = A.
We have A(e)v(e) = A(e)v(e), i.e.
(A+eC)(v+ev'(0) + O(e?)) = (A +eN(0) + O(?)) (v + &0/ (0) + O(e?)).
We multiply this out and compare the powers of ¢:
eV Av =, e':Cv+ AV(0) = M\ (0) + N (0)v.
We obtain: (A — AI)v'(0) = —Cv + X (0)v. By left multiplying with «* and using u*(A — AI) =0,

we obtain:
u*Cv

u*v

0=—-uCo+Nuv=\N=

Remark 2.3

The error estimate for the (right) eigenvectors can be shown to be

" 1 u; Cv;
vi(e) =vj+e ) N— N *@,JUHO(@Q)-
i=1,i#j 7 v T

This is done in an Exercise.

Example 2.2

1. If A is normal, then the left and right eigenvectors are identical, because there is a U
unitary (by the spectral theorem) such that:

U*AU = diag(\, .. ., An).

After multiplying by U* on the right, we get U*A = diag(\1,...,A\,)U*, i.e. the left
eigenvectors are in the matrix U. If we multiply instead by U on the left, we get
AU = Udiag(A,...,An), l.e. the right eigenvectors are in the matrix U. Hence, left
and right eigenvectors agree. When the eigenvalues are all simple roots of the characteris-
tic polynomial, we get )

uro]

for all eigenvalues, if u and v are normalized. In this case, the problem is well-conditioned.
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We could even show here that not only
AE) = Al < [e] - [v*C|

holds, but also
[A(e) = Al < [ellICll2-

2. If A is not normal, u*v can be arbitrarily small, e.g.,

1

1 « 1 . B

For a very large a, u is almost the second unit vector, and then:

1
WY = —— — 0.

V1+a?

Here, the problem would be very poorly conditioned.

Remark 2.4 — Consideration for multiple eigenvalues

(Details given in the tutorials). We cannot transfer the proof because the conditions for the
implicit function theorem are not guaranteed. We consider here as an example the matrix with
multiple Jordan blocks:

A1 0 ... 0
0 X
A= 0
Al
0 0 A

which represents a Jordan block of size n x n. We consider the characteristic polynomial of
A+ eC, where

We have
YareoN)(@) = (A= )" +e(~1)" e,

If A(e) is an eigenvalue of A + C, then:
A=Xe)"=¢e(-1)"c = Ae) =2+ ewen,

where the n-th root is considered as a function C — C. The problem is therefore not well-
conditioned, since the O(e) estimate does not hold. Here, it is difficult to compute eigenvalues
since they are all close to each other.

Algorithm 2.1 — QR Algorithm, simple version
We want to compute all eigenvalues of a matrix A. For this, we consider the simple iteration:
1. Ao = A

2. We then compute for all £ =0,1,2,...: Ay = QxR with the QR decomposition and set
A1 := RpQy. Essentially, we then have that Ay, — R converges, where R is a right upper
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triangular matrix in Schur’s normal form, since:

A=Q"RQ with Q=0QoQ:1Q2...

Remark 2.5

We will see in Page [43] that we can prove convergence.

2.3 Power Method

Algorithm 2.2 — Power method

To compute individual eigenvalues and eigenvectors of a matrix A € C"*™, we consider the
following procedure: for iy € C™ arbitrary, set yp,1 := Ayy for k= 1,2,..., i.e. yp = AFyq.

If one has an approximation to a desired eigenvalue, the inverse power method can be more
efficient.
Algorithm 2.3 — Inverse power method (Wielandt iteration)

Let an approximation p to a desired eigenvalue A; be known, which does not necessarily have
to be the largest eigenvalue. Assume

|:u‘7)‘1|<<|ﬂ*/\j| Vj:2,...,n,
we have also:

Lo
=2l ™ =N

1
n=Aj
A)~L. This can be done without computing the inverse matrix, by only solving the associateed
linear system: let yo be a starting vector, we solve in the k-th step:

Since are the eigenvalues of the matrix (ul — A)~!, we apply the power method to (ul —

(MI_A)yk-i-l:yk k:O71727"'
We need only one LR decomposition for all iteration steps (since the matrix is the same for each
step).
Remark 2.6 — Convergence speed

The convergence speed of the inverse power method may be much better than that of the normal
power method. We can, for example, get a rough estimate of the eigenvalue and eigenvector with
the normal power method, and then use the inverse power method to obtain precise estimates.

Definition 2.4 — Rayleigh quotient

Let A € C"*™ and y; as in the power method algorithm. The Rayleigh quotient is defined by:

Y Ayp
YEYk

Theorem 2.5 — Convergence of the power method

Let A € C™ " be diagonalizable, with T-'AT = diag(A1,...,\,) and T = (v1]...|v,), where
Av; = ;. Assume that |A1] > [Aa] > A3 > ... > | Al I yo = a1 + agva + ... + apv, with
a1 # 0, then for yr41 = Ayy:
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yk:xf<am+o< ))

We note that yk converges to an eigenvector oy vy corresponding to the largest eigenvalue.

1. We have:
A2
A

2. For the Rayleigh quotient, we have

If A is normal, then:

Proof.

1. Let yo = a1v1 + aovg + ... + v, with a; # 0. We assume without loss of generality that
|lvjll2 =1 for all j. Then

Y1 = Ayo = a1 \v1 + a2dava + ..+ A Ay Un,
and iteratively we obtain:

Yk = Akyo = ozl)\lfvl + ozg)\gvg 4.+ an/\fbvn
Ao\ * An )
:)\If a1V1 + Q2 22 Vg + ...+ a, | — Up | -
A A1

n

n n
* * * _~k *
Yiyk = ZZ@,)\ aj)\kv Z\ai\z\)\i|2k v} vH—ZZai)\i aj)\?vi v

2. We hayve:

i=1 j=1 =1 ] i=1 j#i
=M * <|a1|2 +Z i ? )\fi ) + |/\1|2k220‘10‘1 |>\ |2k vi'vj
i=1 i=1 j#i

A
= Jou |?| A [* <1+o< ;
1

)

Then
Vi Ak = Yiyki1 = Zlazl il A vz+ZZaM Fa Aoty
i=1 j#i
PWL
= | |21 [P N <1+0< 2 >>
A1
Then

k
2 2k A2
Ay 1orl A (”O(M >> A <1+0<A2 k))
" = == 1 - .
Y Yk PETWED (1+O(§fk)> A1

For normal matrices, the terms v;v; = 0 vanish for ¢ # j since the eigenvectors can be chosen
to be orthogonal, and the claim follows for these matrices as well.

O
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Example 2.3 — Application of the power method
Let

A:

O =N
— N =
o= O

A = 2+ V2 ~ 3.4142 is the largest eigenvalue. We get for a starting vector 7o the following
iteration:

1 3 10
vw=|[1], nr1=1(4], w=|14],...
1 3 10
and the Rayleigh quotient is then:
TA T 116
DAL _ 82 20 gan1r.
yiyi  yinn o 34
Exercise
Show that the rate of convergence for this example is ~ 0.59.
Example 2.4 — Application of the inverse power method
Let
2 1 0
A=1[1 2 1
01 2
1
Let ;o = 3.41 and we choose yp = | 1.4 | . We obtain:
1
* I _ A —1 *
YT = AT YiY2 937 3988707 &
ANOA Ny p— A1

with which we then obtain A1 ~ 3.414213562 and all given digits agree with the largest eigenvalue,

242,

Remark 2.7

To prevent overflow (the numbers becoming larger than the computer’s largest representable
number), we can set:
1

Zk+1;
Zk+1 ||oo

Zht1 =AYk, Yy = i

where ||zx41||oo is the largest component of zxy; in terms of magnitude. Another option is to
normalize y; to be of unit norm at every step, or every few steps. In this case,

1
21 =AY, Yrg1 1=

=2k
2412

Remark 2.8 — Application of the power method (Google)

What makes (or made) Google unique is an algorithm that provides a suitable order of results,
the so-called PageRank algorithm, which is about characterizing the importance of web pages.
Google determines the rank r(P) of a page P by:

oen, 1@l
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where Bp = {all pages that link to P}, and where |Q| is the number of links from @ (to any
page!). This is a recursive definition, but one can see that the vector y = (r(Py),...,7(Py)) is
an eigenvector of a matrix A associated to eigenvalue 1. The matrix A = (a;;) is given by

0y = {;| if P; links to P;,
0 otherwise.
Since the column sum of A is 1, 1 is the largest eigenvalue in magnitude (see the following
exercise). Thus, the power method yi1 = Ay yields the desired eigenvector y.
For this problem, there is an article ” The 25,000,000,000 Dollar Eigenvalue Problem: The Linear
Algebra Behind Google” by Bryan and Leiseﬁ (2005) and Langville and Meyeﬁ (2006) in STAM

Review.

“https://epubs.siam.org/doi/10.1137/050623280
Uhttps://www.jstor.org/stable/j.ctt7t8z9

Exercise
Show that, if a matriz A with non-negative components has a column sum < ¢ (i.e. >~ A;; <c,
Vi), then \;j < c for all j. If the column sum is = ¢, then c is the largest eigenvalue.

Answer
Note that A and AT have the same characteristic polynomial, hence the roots of xa and x ar are
the same and the eigenvalues of AT and A are equal. Apply the Gershgorin circle theorem on AT :

sp(A) =sp(AT) c U peC:lp—aj;| < Z lak,;|
Jj=1 k#j

Since A has non-negative components, > ;. |ak,j| = Dy ak,j, hence [p—aj ;| < c—aj; ;. More-
over, the reverse triangle inequality yields

I —aj ;] > ||| — lag 41 -

To show this, apply the triangle inequality to |u| = |p £ a; ;| and |a; ;| = |a;; £ p|. Thus,

lpl = laj ;]| < c—ajj,

and
il —aj; <ec—ajj if lul = a;;
—lpl+aj; <c—ajy, if lpl < aj
The first line yields |u| < ¢, and the second line is for |u| < a;; < c. In both cases, we obtain
lul < ¢, i.e. all eigenvalues of A are smaller or equal to c.

Now, if the column sum is equal to one we have 1T A = 17, where 1 = (1,...,1), which means
that c is indeed an eigenvalue of A, since it is an eigenvalue of AT.

2.4 Simultaneous Iteration and QR Algorithm

Motivation
In the following, let A be a real matriz whose eigenvalues satisfy

[A1] > |A2] > |Ag| > ... > |\l

i.e. in particular, A is diagonalizable. We want to compute not only the first but also the second,
third, etc., eigenvalues.
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Review — Power method

Let yo be arbitrary and yx11 = Ayr. We know that:

A A
Y = /\If o101 + O 22 = A]f || sgn(aq ) 40 22 ,
)\1 %,—/ )\1

where we assume that a; # 0 and 07 is an eigenvector with |[01]]2 = 1. The vector v is also an
eigenvector of A with ||v1]l2 = 1. Thus — vy if Ay > 0 and (—1)* Hy 7 v if A <0, In

’ Hy I

general, (sgn A\p)¥ — 1.

Hy I

Algorithm 2.4 — Extension of the power method
A gy with [|gega |2 = 1
= sgn(q} Aqy). If k is large, this is sgn A\;. We know that g — v; converges and

/\gk) — A1 with the convergence rate "\—f .

Let g be arbitrary with ||go||2 = 1. We consider the iteration Agy, =

and sgn )\(k“‘+ )

Idea (Computation of the next eigenvalue)
Now let \1,v1 be known and we want to compute Ao, va. We consider the orthogonal complement
to Ruy:

V ={ueR"|v]u=0}
We know dimV = n — 1. Furthermore, we consider the following mapping:

Li:=Po(Ay):V=-R"=V

where P is an orthogonal projection: R™ — V. We have ¢ = avi +u € R", where u € V. Then
vl'q = «, with which we obtain o, noting that ||vi|| = 1. Then Pq=u = q— avy, = (I — vivl)q.
Thus, foru e V:

Li(u) = (I —vvl)Au.

With the next theorem, we obtain that L1 has precisely the remaining eigenvalues of A.

Theorem 2.6 — Eigenvalues of L

I The eigenvalues of Ly are As, ..., Ap.

Proof. By Schur’s normal form, we know that for the matrix A, we have:

Al * *

U*AU = . 4| =R
0 An
where U = (uq]|...|uy) is a unitary matrix with u; = v;. The vectors (ua, ..., u,) form an ONB

of V, in particular v{ u; = 0 for j > 2. Then
Li(w) = (I = viof )Au; = (I = v10] )(AU).; = (I = v10] )(UR).;
= (I — 7}1’(){)(?)17"177; + ...+ Ui—1T5—1, + uz)\z)
=UgTo; + ... F U115 F Ui A

From this formula, we can deduce the representation matrix of L; with respect to the basis
(ug, ..., up), which looks as follows:
Ao x %

0 . %
0 0 X\,

And this matrix has precisely the eigenvalues As, ..., \,. O
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Remark 2.9
It may be sometimes convenient to have L; in the (uq,...,u,) basis. In this case, 0 is another
eigenvalue of Ly and its matrix in the (uq,...,u,) basis reads
0O 0 0 O
0 )\2 * *
0o 0 . %
0O 0 0 M\,

The idea of orthogonalizing Au with respect to the previously obtained eigenvectors is called
deflation.

Algorithm 2.5 — Computation of the second eigenvalue
To compute A2, we apply the power method to Li: let pg € V be arbitrary with ||pgll2 = 1.
Then by the power method:

Li(pp) = (I — 000D Ape = A ™Vppiy with [pryalla =1, sgn A ™ = sgnpl Ly (pr).

Thus, )\ék) — Ao and pr — us etc., and we obtain Schur’s normal form.

Algorithm 2.6 — Modification of the deflated power method

We do not compute first A\; and vy, but we use simultaneous iteration for A\; and Ay. This gives
us the following algorithm: let go, pp be arbitrary with ||go|l2 = ||po]l2 = 1 and go L po. Then we

compute:

k+1
A

k
Agy, = /\5 it Ngesallz=1, sen = sgn gy Agy,

and
k+1 k+1
(I — qes1q111)Apr = A pin, pesallz =1, sgnASTY = sgnpl Apy.

The orthogonality pry1 L gx+1 holds.

Algorithm 2.7 — Alternative notation for simultaneous iteration

We write alternatively, but equivalently to Algorithm [2.6]

)\(Ichl) g1

0 )\ék-&-l)) . Qg1 = Qi Ak

A(qr, pe) = (Qr+1,Pry1) (

The right-hand side can be obtained by applying the QR decomposition to the n x 2 matrix
A(Qkapk)-

Algorithm 2.8 — Generalization of the algorithm

We choose for Uy an arbitrary orthogonal matrix (for example Uy = I). We consider the iteration:
AU = Upq1 Ry,

which is precisely the QR algorithm. Then
Rk — 0 . *

converges and Uy — (uq,...,u,) converges. By doing this, we obtain Schur’s normal form.
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Algorithm 2.9 — QR algorithm
We set as above: Qy := U]_Uy. Then
Q1R = Ul Ups1 Ry = UL AU, = UE%Q/C = RiQ.
=AUy Uk Ry
Thus, we obtain the following algorithm:
1. Ag = A= QoRy (QR decomposition in the last step)
2. A1 = RyQo = Q1R (QR decomposition)
3. As = R1Q1 = Q2R2 (QR decomposition)
4. ...
This justifies Algorithm [2.1]

Since the QR algorithm is a just a power method applied to n orthonormal eigenvectors, with
eigenvalues all distinct, it converges.

Remark 2.10 — Historical note on the QR algorithm

The algorithm goes back to Rutishauser, 1958, who, however, had used the LR decomposition.
The QR algorithm that we consider here goes back to Francis, 1961, and Kublanovskaya, 1961.

Motivation (Outlook)

1. The QR decomposition of an arbitrary matriz is performed with O(n3) operations, which is
too expensive. We therefore first transform A into Hessenberg form, i.e. QT AQ = H (which
is almost triangular form and has a diagonal below the main diagonal), which is about as
expensive as a QR decomposition. If A is symmetric, then we obtain for H a tridiagonal
matriz. For the QR decomposition of a Hessenberg matriz, we need only O(n?) operations,
or O(n) operations if A is symmetric. Then all Ay are again Hessenberg matrices, as we will
see in the next section.

. We consider the idea of shifting the matriz

2. The convergence speed is very slow, about i—f

A, i.e. we consider Ay — uxl, where we choose the parameter uy such that the convergence
is accelerated. We will consider this procedure in the sixth section.

3. We have not yet captured complex eigenvalues. We cannot converge a real matriz Ay to a real
upper triangular matriz if there are complex eigenvalues. In the case of a complex eigenvalue,
A converges to a matriz in (almost) Schur’s normal form with a 2 x 2 block on the main

diagonal:
) ap),
k k
a7(”+)1,r a7(”+)1,7’+1

This converges to complex conjugate eigenvalues o i3, as we will see in Section[2.7

2.5 Transformation to Hessenberg Form

Idea

We will use Householder transformations, defined for a given v € R™ by I — 2vvT. They can
be understood as the linear operator performing a mirror symmetry with respect to the hyperplane
orthogonal to v. In other words, if x = av + fw with w L v, then (I — 2vvT )z = —av + fw.
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Lemma 2.3 — Householder transformations

Let x € R™, there is v € R™ with ||v|2 = 1 such that

(I —2vv*")z = (%,0,...,0).

Proof. If 1 = 0, define v = (||z||2, 22, ..., 2Zm). Then

(EA1P (EAP ]2
LA B (e ’ I D oITHEI I
e DSl T e Dot
vl 013 = ! 230, |y S R !
Tm Tm LT,
If 21 # 0, define v = (||z||2 + 021,022, ...,0%y ), where o = ‘E‘ (<= 1 = |x1|7). Then
[zl]2 + o2
L N e s
——r = —— z||921 O'Z T
[[vl3 [0ll3 = ’
OCLom,
2|2 + oz1 allz|l2 + 21
2 (o) X9
= 7 ([lzllzlz1| + [l2]13) =
2l + 2l ( d

OTm T

In both cases, we obtain

(I —2vv")z = (%,0,...,0). (2.1)

Theorem 2.7 — Transformation to Hessenberg form

Let A € R™*™. This matrix can be transformed to Hessenberg form by (n — 2) Householder
transformations:

ES ES ES
ES ES * *
QTAQ=H=|0 . . .,
0 0 *x %
I; 0

where @ := Qn—2-... - Q1, and Q; := <0 I . —2wwTl
n—1u 1%

The matrix H is an upper triangular matrix with entries on the sub-diagonal. If A is symmetric,
H is tridiagonal.

) is an Householder transformation.

Proof.

1. We choose @ = I — 2wyw? (with wPw; = 1) as an (n — 1) x (n — 1) Householder matrix,
such that

az,1 0
Q1 : =

an,1 0
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Note that @1 is symmetric. We obtain:

a1 a1,1
1 0 N 1 0 N
Q1 (0 Ql) and A Q141Q; : * (O Q1> : *
0 0

2. We choose Q2 := I — 2wow? an (n — 2) x (n — 2) Householder matrix such that

* %

1) « * ok

[ %82 0 L 0 0 «

| =11 andletQ2—<02 @):»A(”—QQA(UQ?— Do l*
o) : 2 '
n2 0 :
0 0
3. We proceed inductively in this manner and obtain:
QTAQ=H

with Q := Qp—2-...-Q2-Q1 and H an upper triangular matrix with a nonzero subdiagonal.

4. For symmetric matrices, we have
H' =QTATQ=Q7AQ=0H

Due to H having the all diagonals below the subdiagonal equal to zero, all diagonals of
HT = H above the supdiagonal are zero. Therefore, H is tridiagonal.

O

Remark 2.11 — Consideration of computational effort

. 5 . . .
It requires about §n3 operations for a general A and for symmetric matrices about %nB opera-
tions.

Theorem 2.8 — Inheritance of Hessenberg form

Let H = QR be a QR decomposition. We set H := RQ. If H is a Hessenberg matrix, then H
is also a Hessenberg matrix. If H is tridiagonal and symmetric, then H is also tridiagonal and
symmetric.

Proof. By a Householder transformation, we obtain (for the QR decomposition):

*
*
Q1H = Ll x and @ :=1— 2w1wf with w; = 0
0

The fact that H is an Hessenberg matrix is used to have only two nonzero components in wy, since

wy = (%,0Hs1,...,0Hy 1) for some o € C, |g| = 1. See the proof of Lemma [2.3| for more details.
Then

RQ1 =

O O *
o % %
*
o % %
I
o % x
O ¥ ¥
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i.e. we obtain an upper triangular matrix with an entry on the subdiagonal. More generally, one

has Qr = In—k+1 — 2wku)kT where wy, = (%,%,0,...,0) € R*7**1 and define
Ip,_1+ 0 O 0
Q N Ik,1 /9 . O * K O
Lo Q) | 0 o« % 0
0 0 0 I, g1

Letting @ = Q1 ... Q,, one obtains the claim. When H (not necessarily Hessenberg) is tridiagonal,
one can show that Q is in Hessenberg form, and so is RQ. This means that H = RQ is in Hessenberg
form. Note that H = RQ = QTQRQ = QTHQ, and the symmetry of H yields the symmetry of
H. A symmetric Hessenberg matrix is tridiagonal, so finally H is symmetric and tridiagonal. [

Algorithm 2.10 — Modification of the QR algorithm

1. We perform a pre-transformation, i.e. we bring QT AQ = Hy to Hessenberg form. This
requires O(n?) steps.

2. Apply the classical QR algorithm to Hy, i.e. Hy = QpRy. This requires generally O(n?)
operations, and only O(n) operations in the symmetric case.

3. Hyy1 := RiQy, which also requires generally O(n?) operations, and only O(n) operations
in the symmetric case.

2.6 QR Algorithm with Shift

Motivation

We will now always assume that A has only real eigenvalues that are pairwise distinct, i.e. |Ai| >
|A2| > ... > |\n|. Moreover, we work on the Hessenberg matriz H = QT AQ. We want to improve
the convergence speed with a shift idea.

Idea (Shift)
We expect after the fourth section that we have the convergence rate

:0( )

This can be very slow under certain circumstances. We consider the shifted matrix H=H-— wl,
which has the eigenvalues \; — . Applying the QR algorithm here, we obtain:

_0 ’Ai—kl —p ‘k
Ai —
Convention

We can assume without loss of generality that H is a non-reduced Hessenberg matriz, i.e. for all
i, hiy1: # 0. If an element were zero, then the matriz would have the form:

_ H1 *
o= (% 5)
and then the eigenvalues of H are the eigenvalues of Hi and Hs, so the QR algorithm would be
used separately on Hy and Hs.

Ait1

B0
Ai

i+1,i

= (k)
h§+17i

This converges very quickly if p =~ Xjy1.
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Theorem 2.9

Let H be a non-reduced Hessenberg matrix and u an eigenvalue of H. Let H — ul = QR be the
QR decomposition. We consider H := RQ + pI. Then h,, ,, = p and hy, ,,—1 = 0, i.e. the matrix
decomposes after one QR step.

Proof. We consider H — pf with h;q1; # 0 for all 4. This implies that the first n — 1 columns of
this matrix are linearly independent (because column j has a component at index j+ 1 which does
not appear in all previous columns). We can write:

arr-un = (" T ) =n

Tn,n

This is the QR decomposition, which always exists, and R,_1 must be invertible because it is a
square matrix of linearly independent columns. Because H — uif is singular, we must have r,, , = 0,
so the last row of RQ) must also be zero. Thus, we have:

* * * ok

H = RQ + pul =

O

If one does not know the eigenvalue u, one can use the iterative values h%kzl as approximations.

Algorithm 2.11 — QR algorithm with shift (for real eigenvalues)

Without loss of generality, let Hy be a non-reduced Hessenberg matrix. We consider H kfhglef =
QuRi and Hyyy := RpQp + hiFLT for k= 1,2,. .. until

B (k)

| < ems ([ + |02

n—1n—1 ’)

where eps is the machine precision. Then we accept h%kn as an eigenvalue. We start again with

the submatrix (hgf))?;zll until we finally reach a 1 x 1 matrix.

Remark 2.12 — Convergence speed

Let
* ook * * % % *
* ok * 0 *x =% *
H—hynl = * % x| > Qpo2-Qn_g-... Q- (H—hppl)= % % %
x b 0 a b
0 e 0

where the @); are defined as in Theorem [2.8] i.e. we have an identity matrix and once a 2 x 2
block on the main diagonal. Moreover, € and b remain unchanged: the matrix ); is constructed
to only act on the i-th column of H — h, /. In the symmetric case, b = €. We still need to

compute the QR decomposition of (g g) It is:
(a b) _ 1 (CL —6) \% a? =+ €2 \/abfga?
e 0 A /a2 + 52 13 a 0 —\/agieﬁ

O

=R
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Then
o~ * *
(e )
_a2+62
* ok %
0 =* =«
I, o 0 . .
Let Qp_1 := 0 %) and R = . % x|, we investigate:
0 -
0 R
H_hn,nI:Ql '-~-'Qn—1R7
=:Q
and it is
* ok % * *
.o% % * *
I{f:RQ+h7l7nI: L% * *
* *
_be?
a?+e?

We see that the left element becomes smaller at every iteration, and as soon as this is below the
machine precision, we accept hy, ,, as an eigenvalue. If €2 < a?, we obtain quadratic convergence,
i.e. from hy, pn—1 = O(e) it follows that izn,n_l = O(?). For symmetric matrices, we even obtain
cubic convergence (because b = ¢), i.e. from hy, 1 = O(e) it follows that &, , 1 = O(?).

Remark 2.13 — Stability consideration of the QR algorithm

We finally obtain that QTAQ =R is Schur’s normal form. The QR algorithm is stable in the
sense of backward analysis, i.e. if R = QT AQ is Schur’s normal form of a perturbed matrix,
then:

|A— A2 <C-eps- A2, QTQ=I+F with ||F|2<c-eps.

Proof. Wilkinson, The Algebraic Eigenvalue Problem, 1965. O

2.7 Computation of Complex Eigenvalues
Motivation

We now investigate complex, non-real eigenvalues of real matrices A € R"*™, which occur in pairs
of conjugate complex eigenvalues. Here, we will iteratively compute the real Schur normal form.

Theorem 2.10 — Real Schur normal form

For A € R™*" there exists an orthogonal matrix ¢ € R™*™ such that

Rll ng le

QTAQ — R22

Rmm

where each R;; is either a real number or a real 2 x 2 matrix with conjugate complex eigenvalues.

Proof. We proceed by induction on the number of pairs of complex conjugate eigenvalues, k. If
k = 0, then A has only real eigenvalues, and we can choose @ = U real in Schur’s normal form, as
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in the earlier proof. For the induction step: A has a pair of complex conjugate eigenvalues, i.e. we
have an eigenvalue A = o + i3 and A = o — i3 with 3 # 0. Then there are linearly independent
eigenvectors v = x + iy and ¥ = x — iy (since from Av = Mv it follows that Av = Av). It is
Av = v = (a+if)(x +iy) = (ax — By) +i(ay + Bx). On the other hand, Av = A(x + iy). By
coefficient comparison, we obtain:

-8 «

Since v, v are linearly independent, =,y must also be linearly independent, because:
_ 1 1 1 1 .
(v,9) = (z,y) - <z —i) , det (z —i) =—-2i £0.

The vectors x and y span a two-dimensional subspace of R™, which A maps into itself. Let
(u1,uz) be an ONB of this subspace, which we extend to an ONB (ug,...,u,) of R*. We set
U:=(uy,...,u,) € R"*" which is an orthogonal matrix. It holds that:

o Rll *
AU—U( 0 /1)

Az = (ax — fy), Ay=ay+fz, ie. A(x,y)(x’w.(a 6)_

where Rjp is a 2 X 2 matrix with a pair of complex conjugate eigenvalues. By the induction
hypothesis, there exists Q) such that QT AQ has the block triangular form, from which the claim
follows immediately. We finally set:
I, 0
0=t D)o

Idea (QR algorithm for complex eigenvalues)
We apply the shifted QR algorithm, with the additional knowledge that there are two complex
conjugate eigenvalues. We consider the following iteration for a complex uy:

1. Hy — ppl = QrRy,

2. Hipp = RpQu + pud

3. Hyy1 — figd = Q1 Rkt
4. Hpqo = Rpy1Qpy1 + fik

Here, Qy, is of course not orthogonal but unitary.

O

Theorem 2.11

If Hj, is real, then we can choose the QR decomposition such that Hy o is real again.

Proof. We know that:

Hy1 = RiQp + pid = Qi (Hy — D) Q. + pnd = QrHiQx,

and analogously we obtain:

Hyyo = Qp 1 Hip 1 Qi1 = (QrQrr1)" Hie(QrQry1)

It suffices to show that QxQpry1 is real. We compute with the help of the above calculations:

QrQrr1Rrp1 Ry = Qu(Hyy1 — i) Ry = Qr(RrQr + prl — figl) Ry
= (QrRi)* + (1k — i) Qi Ry
= (Hp — ped)* + (px — i) (Hy, — pi1)
= (Hp — pid)(Hy — pid + piad — fr 1)
= HP — 2Re(px) Hy + |px 2T =: M,



50 CHAPTER 2. EIGENVALUE PROBLEMS

and we see that My is real. Since Ryy1 Ry is a triangular matrix and Q;Qr+1 is a unitary matrix,
we have computed the QR decomposition of M. We can choose the QR decomposition such that
the diagonal elements of Ry, Rpy1 are real, and the upper triangular property of Rj1Rj shows
that QrQx+1 is also real. O

Remark 2.14 — Uniqueness of the QR decomposition

The QR decomposition is unique up to multiplication by a diagonal matrix.

Remark 2.15 — Computational effort

We want to compute Hy o from Hy only with real operations: The computation of the matrix
M, requires O(n?) operations. We show now that we can compute Hy, 2 from Hy in O(n?) real
operations.

Theorem 2.12

Let A € R™" and H = QT AQ be a Hessenberg matrix with h;y1,; # 0 for i = 1,...,n — 1.
Then @ and H can be determined from the first column of Q.

Proof. Let Q = (q1,..-,qn). We have AQ = QH, ie. Ag; = 23111 gjhj;. On the other hand,
QTAQ =H,i.e. qJTAqi = hj;. We take ¢; as given. Then we know that hi; = ¢{ Ag;. Then g2 is
a multiple of Ag; — hi1q1. Thus, we can determine go up to the sign uniquely (because ||ga]|2 = 1).
Thus, we also obtain his, ho1, hos. By induction, the claim follows. O

Algorithm 2.12 — Francis’ QR step

1. We compute the first column of My: Mye; = Hy(Hger) — 2Re(ur) (Hye1) + |ux|?e1, which
takes O(n?) operations.

2. We compute the Householder matrix Qo with Qo(Mye1) = ey, which is a reflection, and

it is:
* Kk ok
* * % 0
Qo = * *x *x
0 I

The 3 x 3 block comes from Hpe; = aje; + azes (because H is Hessenberg), and thus
Hy(Hie1) = ayHiey + asHieos = Bre1 + foea + Bses. So the Householder vector for Myeq
only involves three nonzero components.

3. We transform Qgﬁon into Hessenberg form H in Q(nz) operations with Householder
matrices Q1, ..., Qn—3. Then we compute QTH,Q = H where Q := QoQ1 ...  Qn_z. It
holds H = Hk+2.

Proof. When computing the Hessenberg matrix H of Hy,, we know that the matrices H and Q are
fully determined from the first column of ). We focus now on obtaining that first column. Write
Hy = (h]...|hn), we have:

* * k%
0 0
QUH Qo= | (1 ho hs o)
0 I 0 I
*
0
= : (LC(h1,ha,hs) LC(hi,ha,hs) LC(hi,ho,hs) ha ... hy),
0 1
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where LC(v1,. .., vi) denotes a linear combination of vectors vy, ..., v, and the coefficients of the
linear combination may be different between all occurences of the notations “LC”. Thus,

*
*
* % % * * *
QY H,Qo = * : : 0 Xk ok _|*x * =x
0 I 0 0 O 0 0 O
0o 0o o0 ... O * ok 00 0 ... O * %

We want to eliminate the x-entries in the first column, which we can do using Householder matrices
of the form

I; 0 0
* Kk *
QJ = 0 x *x % 0 , Jj=1...,n—3
* k%
0 0 In_j_3

Then Qiel =e fori=1,...,n—3,s0 Qer = Qpey. Since Qp (Mre1) = ae; and Qal = QI = Qo,
Qoe; is a multiple of Mye;. On the other hand, we knew that Mie; = (QrQr+t1) (RxRrt1) €1 =
(QrQk+1)Pe1. Then QrQyt1e1 is also a multiple of Mye;. We deduce that Qi Qr+1€1 is a multiple
of Qpe; = Qe1, and since the columns of QrQx+1 and @ are all normalized we get QrQr+1€1 =
+Qoe1 = Qe;. With a suitable choice of signs, QrQr+1e1 = Qey.

Now, we have

H = Q"H,Q and Hyt2 = (QuQur1)” Hi (QrQrs1)-

We know that Hj is a Hessenberg matrix, so Hi1 and a fortiori Hy4o as well. Hence, the two
equations above are two reductions of Hj to Hessenberg form, and the first column of @ and
QrQr+1 agree. Because the Hessenberg reduction is completely determined by the first column of
the orthogonal matrix, both reductions are the same, hence

Q= QiQrt1, H=QTH,Q= Hyso.

Remark 2.16 — Termination of iteration

We terminate the iteration if for £ = n (real eigenvalues) or £ = n — 1 (complex eigenvalues) it
holds:

k k k
‘hg,é)—l‘ < eps (‘hé—)u—l’ + ‘hgz) )

n—1
1. If £ = n, we accept hgbk zl as the eigenvalue and restart with (hgf)) .
i,j=1

2. If £ =n — 1, we accept the eigenvalues of the lower right 2 x 2 block of Hj, as eigenvalues

n—2
of A and restart with (hgf))
i,j=1

2.8 Computation of Singular Values

Theorem 2.13 — About singular values

For A € R™*"™ there exist orthogonal matrices U € R"™*™ and V € R™*™ such that
A=UxvT

with ¥ = diag(o1,...,0p) € R™*™ and 01 > 09 > ... > 0, > 0, where p = min{m,n}. The ¢;
are called singular values of A, which are uniquely determined.
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Proof. Let x € R", y € R™ with ||z||2 = ||y||]2 = 1. Moreover, let Az = oy with

o = | All = max || Aul];.

llvll=1
Thus, = can be chosen such that ||Az|| = ||A]|. Let V4 be an orthogonal n x n matrix with z in
the first column (i.e. we extend z to an ONB of R™) and U; an orthogonal m x m matrix with y
in the first column. Then

g

0 T
Ap=UTAV = | | | —(g %),

0

where w € R"1 is a suitable vector and A; € R(m=D*(n=1) ig 4 suitable matrix. We consider

2 T
HAl(z) :H(U +*w w) > Vo2 1 wlw.
2

2

On the other hand,

|A1llz = max [|Ajv]js = max |[UL AViv|s = max |[UL Auls = max ||Az|s = ||A2 = 0.
llvll2=1 lvll2=1 ull2=1 ll2ll2=1
0 -
We deduce w = 0, and thus A; = (g i ) By induction on Aj, the claim follows. O
1
Remark 2.17
Assume the same notation as in the above theorem and let U = (uj,...,un,) and V =
(v1,...,vy). Furthermore, let 01 > ... > 0, > 0,41 = ... = 0, = 0. Then
1. rank A=1r

2. Ker A = Span{v,41,...,0,} (and v,41,...,v, is an ONB of Ker A)

3. Image A = Span{uy,...,u,} (and uy,...,u, is an ONB of Image A)

4. HAHQ =01
5. For the Frobenius norm || - || 7, we have:
T
A7 =) afj =i
i k=1
Remark 2.18

It holds that .
A=UsVT =) o; up! .

If the rank of A is small, then much of the information about it can be stored in the vectors u;
and v;. The best approximation of A of rank k < r is:

k
~ § : T
A= oiu;v; .
i=1

This is called the “low-rank approximation of A”, which is useful to approximate, e.g., large
N x N matrices by means of r vectors of size N. This information is needed, for example, in
data compression, physics, natural sciences (e.g. geoscience, astrophysics). ..
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Remark 2.19 — Further application

In search engines, one often uses the method of ”latent semantic indexing,” which is stored in a
so-called term-document matrix, where for each search term and each document, it is recorded
how often the term appears there. Thus, one replaces the term-document matrix with a low-rank
approximation.

Remark 2.20 — Observation on the computation of singular values

One could apply the QR algorithm directly to AT A (for n < m) or to AAT (for m < n). The
product formation is computationally expensive and rounding errors occur. Therefore, we now
consider a better algorithm: If P and @ are orthogonal, then A and PA(Q have the same singular
values, since:

A=UxVT «—= PAQ = PUXVTQ.

N~~~
P Q

Note that P and Q are orthogonal matrices as products of orthogonal matrices. The following
auxiliary theorem shows that we can transform any matrix A with such transformations P and
Q@ into bidiagonal form, and thus the problem reduces to computing the singular values of a
bidiagonal matrix.

Theorem 2.14

For A € R™*™ (with m > n without loss of generality), there exist orthogonal matrices P,Q
with

pia- (7). 5= |,

0 0

i.e. Bis an n x n bidiagonal matrix.

Proof. We use P; and @; as Householder transformations. By multiplying from the left with Py,
we obtain:

*
0
PA= )
Do
0
. . . . 1 O ~ -1 —1) - .
Multiplying from the right with @ = 0 0y) where Q; € R("=D*("=1) j5 3 Householder matrix,
1
gives:
* ‘ * 0 ... O
0
PLAQL = | . .
: A
0
By induction on a smaller matrix fl, the claim follows. O
Remark 2.21

We chase the “bad” elements on and below the subdiagonal until they “fall” out. This method
is called ”chasing” in the literature.
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Remark 2.22 — Computation of Singular Values of a Tridiagonal Matrix

We have a matrix BT B =: H which is tridiagonal with real nonnegative eigenvalues, and consider
a step of the QR algorithm for p := hy, 5:

M:=H —ul =QR.

Then H = RQ + ul = QT(H —ul)Q + ul = QT HQ. We want to compute the eigenvalues of H
without explicitly computing the matrix H or the matrix M. According to Theorem H and
@ are uniquely determined by the first column of Q. Then M = QR and QT = Q,—1-...-Q2-Q1
as a product of Householder transformations with

In—j—l

The first column of @Q is Qe; = Q1e1, hence Me; = QRe; = aQQe; = aQ1e1. This means that
Q1e1 is a multiple of

hig—p

h21

M€1 = 0

0

Then
C
M S
Qlel =+ ”]\4_61H _ 0 with 02 + 82 _ 1’ thus:
€1llo

0

We now transform QT HQ; to tridiagonal form using Theorem since H is symmetric,
QTHQ); is also symmetric, and we are looking for @ such that

i =QTQTHQ)O = (QQ)THQ.Q), Q= <{) g) . QTQ=QQ" =1,

where H is Hessenberg symmetric, hence tridiagonal. We have Q1Qe1 = Qie1 = Qeq. Thus,

Q1Q = Q, since the first column matches. Since H = BTB, H = QTBTBQ = QT BT PTPBQ
is tridiagonal if PBQ is bidiagonal. We transform BQ@Q; to bidiagonal form using Theorem

Algorithm 2.13 — Golub, Kahan, 1965
Let A € R™*"™ with m > n. Then we perform the following algorithm:

1. We transform A with Householder matrices to bidiagonal form:

B t. T,
PAQ_<0>, B=|¢o . .|, B=IBlr:=

2. We use Remark to find the singular values of B, which are the square root of the
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eigenvalues of H = BT B. We compute

* %
Q1= |*x * 0
0 I

as in Remark We then transform B@; by “chasing” to bidiagonal form B. We repeat
(with B instead of B) until |b,_1.,| < §-eps, .i.e. until the off-diagonal term on row n — 1
is “small enough to be considered zero”. When this is done, h,,—1,, ~ 0, hence h,, ,, is a
good approximation to the eigenvalue of H, which is the square of a singular value of B
(which is itself a singular value of A).

3. We reduce the dimension by one and repeat with (bij)zj;ll, until we finally reach (almost-)

diagonal form.

Remark 2.23

Due to equivalence to the QR algorithm for H = BT B, we obtain cubic convergence, since this
matrix is symmetric and tridiagonal.
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Chapter 3

Conjugate Gradient Methods

Motivation
The conjugate gradient method can be applied to minimize functions and solve large linear systems
(derived from symmetric positive definite matrices).

o Minimization
Let f : R® D D — R. We want to determine the minimum of f, i.e., f'(x) = 0. This can
be computed via Newton-type methods (cf. Numerics I). However, these require knowledge
of the Hessian matriz, which is computationally expensive. We seek a method that does not
require the second derivative. The conjugate gradient method fulfills this requirement.

e Solution of a Linear System
Let f be quadratic, i.e., f(x) = %xTAx —2'b with A € R™" symmetric positive definite
and b € R™. Then: f'(x) =0 < Az —b=0 < Az =h.
The conjugate gradient method is iterative, requires mo matrix decomposition, not even the
matriz A itself, but only the mapping x — Azx.
In many applications (such as solving discretizations of finite element methods), very large
and sparsely populated matrices often arise. For these, it is not suitable to solve the system
of linear equations using decomposition, as the computational effort would be too high and
nonzero elements would be filled in.

3.1 One-Dimensional Minimization

Algorithm 3.1 — Golden Section Search (Jack Kiefer, 1953)
Let f: R — R. We seek the minimum in [a, b]. Choose v, w € (a,b) such that:

v—a w—a b—w b—w

w—a b—a b—v b-—a

By solving the equations, we obtain:

3‘2\/%_@), w=a+\/52‘1

(b—a).
This ratio is precisely the golden ratio. We now proceed:

1. If f(v) < f(w), then the new search interval is [a,w]. We can compute that v should
replace w, and we only need one additional function evaluation.

2. If f(v) > f(w), then the new search interval is [v,b], and w takes the role of v.

We repeat this interval reduction until b — a < tol, where a and b are the interval boundaries in
the k-th step.

57
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Algorithm 3.2 — Quadratic Interpolation

We fit a parabola through three points (zo, f(x0)), (z1, f(21)), and (22, f(z2)) with 2o < 21 < @2
and determine its minimum z*. We then choose the new interval as either [zg, 1] or [z1, 2],
specifically the one that contains z*. For the new interval, we proceed iteratively in the same
manner and repeat the iteration until the interval length is smaller than a given tolerance tol.

3.2 Steepest Descent Method

Algorithm 3.3 — Gradient Method

e have a function f : R™ — R with f(z*) = min, and we replace the n-dimensional minimization
problem with a sequence of one-dimensional minimization problems.

Starting from an initial point zg € R™, we search for a direction that leads us towards z*. We
choose the search direction 0 # d € R”™ such that it locally represents the steepest descent. We
then minimize f(xo+ ad) with respect to a (which can be done using one-dimensional methods)
and set 1 := xg + a*d. We iterate this process and obtain convergence zj — x*.

Example 3.1

Let f(z) = 32" Az — 2 "b with A symmetric and positive definite. The minimum of f(z + od)

is attained at
B d"(Az —b)

dTAd
which can be easily shown. We note that the gradient of f(z) is given by V f(z) = Az —b.

o =

Remark 3.1 — Choice of Search Direction

Using the Taylor expansion, we obtain:
f(z +ad) = f(z) +af (z) - d+ O(a?).
Locally, the steepest descent direction is given by the negative gradient of f, i.e.,

d=—-Vf(z).

Algorithm 1 Steepest Descent Method

Require: Symmetric positive definite matrix A € R™*", right-hand side b € R™, initial guess z,
tolerance € > 0
1: Compute ro = b — Axg
2: for £ =0,1,2,... until convergence do
T];r'l‘k

’I“II Arg
4 Tht1 = Tk + QpTg
5 Tk+1 =Tk — OékA’l“k
6: if HTk_HH < ¢ then
7 break
8
9

3: o =

end if
: end for

Remark 3.2

Locally, this method is naturally optimal. However, globally, many iterations are needed to reach
the solution. Therefore, we consider another method.
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Remark 3.3 — Conjugate Gradients

Let r := b — Ax. We consider the vector space: Vj := span{r, Ar,... 7A’“_lr} and minimize at
step k, starting from an initial vector xo: f(xx) = mingey, f(xo + d).

Outlook We will see that the iterates x; can be computed recursively via one-dimensional mini-
mizations.

3.3 Ritz-Galerkin Method

Motivation (Problem Statement)
Let f:V — R be a function on a real (possibly infinite-dimensional) vector space V', given by:

f(0) = ga(v,v) = o),

where a : V x V — R is a symmetric, positive definite bilinear form, and b : V — R is a linear
form. We aim to determine the minimum of f.

Remark 3.4

If V= R", then a(v,v) = $v" Av, b(v) = v'b, with A symmetric and positive definite, and
b € R™. In this case, we know that minimizing f(v) = min <= Av =b.

Theorem 3.1 — Characterization of Minimization

For u € V, the following holds:

flu) = f}rél‘r/l flv) <= a(u,v)=>bv) YveW

Proof. We set v :=u+ Aw for A € R and w € V. Then:

flu+dw) — f(u) = = (a(u+ Aw,u + Aw) — a(u,u)) — (b(u + Aw) — b(u)) .

N =

Using the bilinearity of a and linearity of b, we have:

—_

Flu+Aw) = f(u) = = (alu,u) + 2Xalu, w) + Na(w, w) - au,u)) — (b(w) + Ab(w) — b(u))

T2
= A(a(u,w) — b(w)) + %)\2CL(U), w).
Since f(u) < f(u+ Aw) for all A € R and w € V, this is equivalent to a(u,w) = b(w) VYw e V. O

Idea (Approximate Minimization)
We choose a k-dimensional subspace Vi, C V' and determine the minimum of f in this subspace,
i.e., find up € Vi such that:

ug) = min f(vg).
flug) = min f(vg)
This approach is known as the Ritz method.
By the previous theorem, this is equivalent to finding uy € Vi satisfying:
a(ug,vi) = b(vk) Yo € V.

This is called the Galerkin method.
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Remark 3.5 — Applications

These approaches are very important in the following examples:

1. To solve Ax = b for A a symmetric, positive definite matrix and A being finite-
dimensional and sparsely populated. For the approximation space, we often take Vj :=
{g,Ag,...,A*"1g). We will discuss this space in the next section when we talk about the
conjugate gradient method. This approach works particularly well when g is an eigenvector
of A.

2. Finite elements, which is an important method for solving PDEs. This is discussed in
numerical methods for partial differential equations.

Theorem 3.2 — Existence and Uniqueness of the Minimization in Subspace

There exists exactly one solution uy € Vi to the minimization problem

flug) = min f(vg)

vE €V

Proof. Let (¢1,...,¢k) be a basis of V. We now seek
k
up = Y pipi € Vi
i=1

such that a(ug,vr) = b(vg) for all vy that can be represented as vy = Z?zl vip;, ie.

k

kok
Z Z,uiyja(goi, ;) = Z vib(p;) Y= (v;) € R¥.
i=1 j=1

j=1

If we set A := a(pi,¢;), 1 := (1;), and £ := b(yp;), then in this notation, we must solve the
following problem:

v Ap=v"t Vv eRN

Since this must hold for all v, it must particularly hold for v = (e;), and we obtain the new system
of linear equations Ay = /.
We now compute that A is positive definite:

k k k
v Av = )" vivjalpi, ;) =a | > _vigi, »_vie; | >0
i=1 j=1

ij=1

if Zle vipi # 0, ie. v=(1;)k | #0, since ¢ is a basis.
Thus, A is positive definite (and clearly symmetric) and therefore invertible. This proves the

claim.
O

Theorem 3.3 — Cea’s Lemma

If u, € V is a solution to the minimization problem in V and ui € Vi is a solution in the
subspace Vj, then it holds in the energy norm |vg||q := v/a(vk,vy) that

s = el = mmin [0 = o

i.e., uy is the best possible approximation to u in this sense.
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Remark 3.6

The Ritz—Galerkin approximation thus has, among all elements of the approximation space V,
the smallest distance (with respect to the energy norm) to the exact solution.

Proof. Since Vj, is a subspace of V, it follows for all vy, € V that a(us,vr) = b(vx) and a(ug,vy) =
b(vk). Subtracting these two equations from each other and using bilinearity, we get:

a(ug — us,v;) =0 Yo € V.

Since we are allowed to replace v by ur — vx € Vi, and insert a zero, it follows that:
a(Up — Usy U, — Us +Us — V) =0 <= a(ug — U, U — Us) = a(tp — Us, Vk — uy) Yo € Vj.

Using the definition of the energy norm, the above equation, and applying the Cauchy-Schwarz
inequality, we obtain:

lug — u*||(2l = alup — U, up — Us) < JJug — Usl|a||ve — vslla  Vog € Vi.

Thus, it holds that:
lur — uilla < [Jvg — uslla  Vor € Vi.

3.4 The Conjugate Gradient Method

Motivation

We assume in this chapter that we want to solve a system of linear equations Ax = b, where
A € R™ "™ js symmetric and positive definite, and b € R™. Typically, n is very large, and A is
sparse, as is the case, for example, when solving partial differential equations.

We already know that this is equivalent to minimizing f(x) = %xTAa: —x'h.

The conjugate gradient method is often referred to as the cg-method (conjugate gradient method)
in the literature.

Historical Note. This method was introduced by Hestenes and Stiefel in 1952.

Definition 3.1 — Krylov Subspace

The vector space Ky (A,r)
Ki(A,r) == span{r, Ar, ..., AF=1r}

is called the k-th Krylov subspace.

Remark 3.7
From the gradient method (see Remark , we already know that the vector space Vi

Vi := span{rg, Arg, . .. 714’“*11"0} with rg=—go:=b— Axg = -V f(x9)

for a starting vector z¢ is a k-th Krylov subspace.

Idea (Ritz-Galerkin Approach)
We now apply the Ritz-Galerkin approach to the approximation space Vi, i.e., we seek an xj €
xo + Vi such that

flzr) = Ulglel‘l}k f(xo + vk).
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Remark 3.8

Since this space is generally k-dimensional, it is difficult to calculate such minima. However, we
will show in the following that it is sufficient to solve k one-dimensional problems recursively in
order to reach the minimum in Vj,.

For the derivation, we assume, without loss of generality, that g = 0 (otherwise, consider
y = x — xo; then the problem would be to solve Ay = b — Axq for the starting value yo = 0).

Definition 3.2 — Inner Product Induced by A

We define the inner product induced by A as (u,v) 4 := u' Av = (Au,v), where (-, -) denotes the
Euclidean inner product.

Idea (Decomposition of the Krylov Subspace)
We decompose the Krylov subspace in the following manner:

Vig1 = Ve @ ViH

with Vit = {w € Vi1 | wT Av = 0 Vv € Vi }, which is often referred to in the literature as the
A-orthogonal complement of Vi, in Vi41, and by construction, it is orthogonal with respect to the
inner product induced by A.

Construction (Derivation of the Algorithm)
It is clear that dim VkJ- <1.

Thus, we can uniquely write Tpy1 = u + w with u € Vi and w € VkJ‘. Therefore, x11 18
determined by the conditions that

Thy1 € Vg1,  f(@pq1) = vHTlneing J(Wr41),

which is equivalent to finding a viy1 € Viy1 such that

(Arg g1, vp11) = (b vrs1)  Yorgr € Viga.

Since Vi, C Viy1, it follows that

(Aa:k+1,vk> = <b, ’Uk> Yo € V.
However, the left-hand side simplifies due to orthogonality:
(Axpy1,vk) = (Au,vg) + (Aw, vg) .
———

=0

On the other hand, xi € V}, is uniquely determined by
(Aa:k,vk> = <b, Uk> Yo € V.
Thus, u = xi, and we obtain that xx+1 = x + w with w € VkJ-, or equivalently, for dy (e.g., a
basis of Vi) with Vi- = Rdy,, we have for oy, € R
Tp+1 = Tk + apdy.

Thus, xpy1 is the solution to a one-dimensional minimization problem:

f(zgs1) = min f(zr + ardy).
ap€ER

We need to find the minimum of a quadratic function, for which we already know the optimal
ag from Chapter 2, namely

o = <dk,b—Axk> _ <dk7Tk>
(Adg, di) (Ady, dy)
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Construction (Determination of the Search Direction)
We want to determine the search direction dy as a basis vector of Vkl. To do this, we consider
different cases:

1. If Vi1 = Vi, then V,j- =0, and thus di = 0. In this case, for x; € Vi, we also have
Axy € Vigp1 = Vi But it holds that:

<Awk,vk> = <b, ’Uk> Yo € Vi, (Axk —b, ’Uk> =0 VYo, € V.

Since Az, — b € Vi, the only solution to the zero vector in the first component of the scalar
product is Axy, = b. Therefore, xy is the solution to the linear system.

2. Let dim VkJ- =1. Thenry =b— Axy # 0, so i & Vi, but r, € Vir1. We now decompose
rr = ¢ + di, where ¢ € Vi and di € VkJ-, and in particular, dr # 0. Thus, c is the
A-orthogonal projection of ry, onto Vi with respect to the inner product induced by A.

Let {do,d1,...,dg—1} be an orthonormal basis (with respect to A) of Vi, i.e., (Ad;,d;) =0
for i # j. By the Gram-Schmidt process, we obtain for cj:

o Adl, T'k

—~ (Ad;, d;)

Since Ad; € Vi, for j <k —2, due to the definition of xy:
(rk, Ad;) = (b— Axy, Ad;) =0

This greatly simplifies the sum, and we ultimately obtain:

(Adg—1,78)

dp_1.
(Adg—1,dp—1) bt

dy =7 —Cp, =Tk —

Remark 3.9 — Computational Cost of the Iteration

We want to compute 1,11 = Axky1 — b. However, the cost of matrix multiplication is too high.
Based on the definition of 1, we have:

Tkl = b— A(Ik + Ozkdk) = (b — A.Z'k) — apAdy = 1y — o Ady,.
The product Adj is needed anyway in the next step for calculating the new search direction
dj+1, so this calculation is quite optimal in terms of computational cost.

Algorithm 3.4 — Conjugate Gradient Method

Let zp € R™ be an arbitrary initial vector. Then, dy =19 = b — Axg. For k =0,1,2,... (until
Ib — Azg|| < tol-||b]]), the following recursion is performed:

Tht1 = Tk + 0ugdy,
The1 = Tk — apAdy,

k41 = Tk+1 + Brdi,

where the coefficients are given by:

oy, = D Tk)
(Ady, di)’
ﬂk __ <Adk, Tk+1> )

By construction, we have:

flzg) = vrglelgk f(zo + o).
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Remark 3.10 — Computational Cost

We require only a single matrix multiplication and three scalar products per step.

Remark 3.11

We will show in an exercise that we can write:

o = <7“k7Tk> . B = <""k+177ak+1>.
<rk‘7rk>

<Adk7 dk>

Thus, we only need two distinct scalar products per step.

Algorithm 2 Conjugate Gradient Method

Require: A € R™*™ SPD, b € R", initial guess zg, tolerance € > 0
1: 19 =b— A.’EO

2: dg =1y

3: for £k=0,1,2,... do
T

. — TkTk

4: ak_d,;rAdk

5: Tp41 = Tk + agdy,
6: Tktl1 =Tk — OzkAdk
7: if ||rg+1]] <e then
8: break
9: end ifT

T Tk+1
10: ,Bk = k:iihf
11: dit1 = Try1 + Brdy
12: end for

3.5 Error Analysis of the CG Method

Theorem 3.4 — Finite Termination of CG Method

After at most n steps of the CG method, we obtain the exact solution to the linear system

Ax* =b, thatis, Jk <n such that x, = x".

Proof. Tt is V3 C Vo C --- C R™, so there exists a k < n with V11 = Vi. Hence, z, is exact. O

Remark 3.12

For practical purposes, this theorem is uninteresting since we usually use this method for very
large n. Moreover, we only require a very good approximation to the solution, for example,
lex — 2| < tol- ||xzg — 2*|| for k < n. Furthermore, rounding errors can worsen the result at
each step.

Theorem 3.5 — Error Estimate for the CG Method

For all polynomials g of degree deg g, < k with ¢, (0) = 1, it holds that:

zp — 2|4 < ma M|z — 2*
fon =o'l < e (V)] lzo — o

where x* is the exact solution.
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Remark 3.13 — Observation

Let A be a matrix of any dimension with exactly k distinct eigenvalues. Then, the CG method
will provide the exact solution after at most k steps. We consider the polynomial that has the
eigenvalues as roots. Moreover, the CG method converges quickly when the eigenvalues are
clustered together.

Proof. Without loss of generality, assume zg = 0 (otherwise, we consider y = x — ¢, and for
Ay = b — Axg, we would have yo = 0).

1. From the Cea’s theorem, we know that

* _ . L
|2k — ||A—UI:1€1§k ve — 2™ 4.

For a Vi, 3 vk = pr—1(A)b and degpr—1 < k — 1, it follows from Ax* = b:

¥ —vp = (I — pr_1(A)A) z*,
—_——

=:qi(A)

where g, is a polynomial of degree deg ¢ < k with ¢;(0) = 1. Thus, we get:

ok — ™[4 = lge (A)"[[ 4.

min
deg g <k,qx (0)=1

2. Since A is symmetric and positive definite, we can diagonalize A using an orthogonal matrix,
A= QAQT, where Q is orthogonal and A = diag(\1,...,\,). Due to positive definiteness,
A; > 0. Then, we compute:
lgr(A)z*|% = (Age(A)a*, gr(A)z*) = (QAQ T Qui(A)Q "z*, Qui(A)Q "z™),
= (A (M)Q" " gr(M)QTx") = (A*AZqu(A)Q 2", gr(M)Q " 2")
(@e(M)A2QTa", qu(M)A2Q ") = ||an(A)A*Q " |I3
(A3 IAZQ |3
—_——

=(max;=1... ,n\ak(xi)\)z

IN

We now need to find a clever expression for ||[Az QT z*||3:
HA%QT-'I;*HS _ <A%QT$*,A%QTI*> — <AQT$*,QT$*> _ <QAQT.’E*,.T*> _ <A.’I}*,$*> _ H30*||,24
Thus, we obtain:

ok — 2"l < llar(A)a*la < max Jge(0) "]l

Remark 3.14 — Recap

1. For the condition number with respect to the Euclidean norm for a symmetric positive
Amax (A)

Amin (4)

matrix, we have: conds(A) =

2. Among all polynomials pj, of degree at most k satisfying px(t9) = 1, the Chebyshev poly-
nomial Ty (t)/Ty(to) attains the smallest possible maximum absolute value on the interval
[—1,1] (see Exercise 7).
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Theorem 3.6 — Condition Number Dependent Error Estimate

For the condition number x = conds(A), it holds that:

k
o=l <2 (Y7 ) oo = o*l

Proof. Let all eigenvalues of A be in [Amin, Amax] With 0 < Apin < Amax and then k = ﬁma". From

min

the previous theorem, for all polynomials ¢ of degree deggr < k and ¢x(0) = 1, we have:

— 24 < N - lwo — 2|4
o= alla < max (V)] - o = ol

We now transform [Amin, Amax] to [—1, 1] by the mapping:

2\ — Amin — A A Ami 1
A= t= =TT in particular 0 — — max * Amin __ 5 ¥ =:tp < -1

)\max - )\min max ~ )\min k—1

We then get the following estimate:

2k —2lla < max [pk(t)] - lzo — z]|a,
te[—1,1]

for all polynomials py(t) := qr(A) with degpr < k and pg(to) = 1. From Numerics I, we know that
the right-hand side of the estimate is minimized for the Chebyshev polynomial T} (t)/T%(to), and
thus we have:

1
lzx — 2|4 < T (o) “|lzo — 2| a-

We now use that for a Chebyshev polynomial, the following holds:

To(t) = <(t Ve 1)k + (t Ve 1)k> = [Tk (to)| = Te(Jto]) > % <|t0 /82— 1)k.

2

We calculate as follows:

s . ktl K2+26+1— (k2 =26+1) w+1+2Vk
to] + /13 1_5—1+\/ e =—0

(WVe+1)? e+l

VRt D(/r—1) Vi1

Finally, we get:

k k
k+1 K—+1
(\F > , and thus |z —z|a <2 (ﬁ_ 1) lzo — x|l a-

Remark 3.15

1. For the steepest descent method, the corresponding statement is:

k
k—1
||xkx||A§< ) TR

K+1

For a large condition number, this expression is much closer to one than the first expression,
meaning that we have very slow convergence.

2. Rapid error reduction in the CG method occurs if:

a) the condition is small, or

b) the eigenvalues of A are clustered in a few groups.
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3.6 Preconditioned CG Method

Idea
We now want to solve Az = b for a symmetric and positive definite matriz A. Typically, A is very
large and sparsely populated.

If B is symmetric and positive definite, we set B = A~ such that v — Bx is easy to compute.
This gives us an equivalent linear system BAx = Bb. We now require that conda(BA) < condy(A)
so that the CG method converges faster.

Remark 3.16 — Choice of Preconditioner

We have the problem of finding B that satisfies these requirements. Therefore, we perform an

incomplete Cholesky decomposition. For k =1,...,n, we compute:
k—1
Uk = [ axe — 03,
j=1
and for i =k +1,...,n, we compute:
1 i—1
= (aik — Z;:I fijékj) , i #0,
0 Qi — 0

This ensures that only non-zero terms of a;; are summed, preserving the sparsity of A. We
have A = LLT + R, where R is the remainder matrix. LLT is symmetric and positive definite,
making it a candidate for B. We do not fill in the non-zero entries, which generally causes the
eigenvalues of BA to cluster, leading to faster convergence of the CG method.

In particular, the mapping =z +— Bz is relatively easy to compute, as only sparse triangular
systems need to be solved.

Remark 3.17

The difficulty is that BA is not symmetric, even if A and B are both symmetric and positive
definite. We seek a workaround: If we can write B = CCT (e.g., through the full Cholesky
decomposition), then:

CCTAz=CCTh &= CTACC'2=C"b & A7 =10

where & = C~ ', b= CTb,and A := CTAC is again symmetric and positive definite, allowing
us to apply the CG method.

Construction (Formal Application to the CG Method)
We start with T = C~'xq in the algorithm and apply the procedure to all quantities with tildes.
We show that we can do this without knowing C. We compute:

Tkr1 =T + apdy, = C71$k+1 =C 'z, + ,C Ly,
where dy, := Cdy,. Multiplying by C gives:
Thy1 = T + Opdy
Now, we express Ty, as:
Fr=Afp —b=CTACC 'z, —CTb=CT(Azy —b) = CTry
Thus, with the CG algorithm:

7:k+1 =7 — CtkAde <~ CT’I“k+1 = CT’I’k — akCTACC_ldk — Tyl =Tk — OzkAdk
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So, the determination of vy remains unchanged. For the search directions:
dps1 = i1 + Brdy == C'djy1 = Oy + BC My <= diy1 = Briy1 + Brde
Finally, we show that no C' appears in the coefficients:

<'Fk7’l:k> o <CTTk,CTTk> <T‘k,CCTTk> <7"k7BT‘k>

o = — — = 9
" Ady,dy)  (CTACC—dy,C—ldy) ~ (Ady,dy)  (Ady,dy)

B = (Pt Tor1) _ (rrga, Brie)

<7:k;7:k> <Tk,BTk>

Algorithm 3.5 — Preconditioned CG Method

We want to solve Az = b with A symmetric and positive definite, and use B symmetric and
positive definite with B ~ A~!.

We choose g € R™ arbitrarily and rg = b — Az, dy = Brg po = (Brg,r0), and then iterate for
k=0,1,2,... (until \/px < tol - [[b]|2):

Thy1 = T + opdy

Tk4+1 =Tk — OzkAdk
dry1 = Brigy1 + Brdy

with the coefficients:

Pk PE+1
—_— = —_— B .
< A lk; lk>’ ﬂk . y  Pk+1 < ’I’k+1,7'k+1>

ap =

Algorithm 3 Preconditioned Conjugate Gradient Method

Require: A € R"*" SPD, b € R", preconditioner B ~ A~! (SPD), initial guess zg, tolerance
e>0
1: 7o = b— Axg

2: dg = Bryg
3: for £=0,1,2,... until convergence do
. T Bryg
4: Ok = 3 Ad,
5: Tpy1 = Tk + Oékdk
6: Thy1 =Tk — OzkAdk
7: if ||rkq1|l <e then
8: break
9: end ifT
Tt Bre+1
0 Be= g
11: di+1 = Briy1 + Brdi
12: end for

Remark 3.18 — Implementation

For the implementation of the method, we store only 5 vectors: (z,r, Br,d, Ad). Furthermore,
we note that we do not need the matrices A and B themselves, but only the mappings v — Au
and v — Bv.

Theorem 3.7
Let 0 < (v, B~') < ||v]|a < T'(v, B~!v) for all v € R™. Then:

k
* \/E_]' *
”xk_mHA<2<\/E+1 [zo — 27|
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with & = conda(BA) < g

Proof. 1. First, we compute using A = CT AC:

lzr = 2* |4 = (wr — 2%, A(zx — 2%)) = (C(@x — &%), AC(Zx — T*))

= (& — &, A — 37)) = |3 — 2*|3

Using the theorem on condition-dependent error estimation for the tilde-system, we imme-

diately obtain the estimate for our theorem with # = conda(A).

2. By the definition of the condition number:

. Amax (AT A) Amax((BA) T (BA))
condeld) =\ ATy e = \/x\min((BA)T(BA)) '

To compute the condition number of BA, we first compute:
(BA)"BA=ABBA = ACC'C"AC = (Cc")~'cTAccTccTAcc™!
= (") tACT .CAC~t = (cACc~YH)T(CcAC™Y)

But this has exactly the same eigenvalues as A due to the change of basis. Thus, we have

condy(BA) = conda(A4).
3. Clearly, it holds that:
Amin (A) (v, B™10) < (v, Av) < Amax(A) (v, B10), Vv € R",

and therefore, v < )\min(fl), > )\max(fl).
O

3.7 Conjugate Gradient Method for Minimizing Non-Quadratic
Functions

Motivation
We now consider a function f : R™ — R and seek a (local) minimum of f, where [ is generally
not quadratic.

Review From undergraduate analysis, we know that if 2* € R™ is a local minimum of f (with
f twice continuously differentiable), then g(z*) = Vf(z*) = 0 and the Hessian matrix H(z*) =
V2 f(x*) is symmetric and positive semi-definite.

Conversely, if Vf(z*) = 0 and the Hessian matrix is positive definite, then z* is a local
minimum.

Idea
We choose an initial point x near x*. Then, using the Taylor expansion:

* * * 1 * * * *
F@) = F@) + V) (@ —a) 45 (@ =) TV @) (@ = 27) + O(lo - 27||*)
Sy
=0
locally behaves like a quadratic function. We thus modify methods that solve quadratic minimization

problems well, which leads to the conjugate gradient (CG) method. If x is far from x*, at least we
move in the descent direction of the CG method.
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Algorithm 3.6 — Modification of the CG Method

We start with 2o € R™ arbitrary and choose dg = —go = —V f(x9), and iterate for k =0, 1,2, ...,
until, for example, the stopping criterion ||gg| < tol - ||go| is satisfied: We select the minimum
of f in the search direction dy, i.e., we find «;, for

Tpt1 = T + apdy,  with  f(ag41) = min f(xp + apdy),
ag

which is a one-dimensional minimization problem that we can also approximate, for example,

using the criterion:

WV f(zr + ardr), di)| < o (Vf(xr), dk)]

for some o € R. We then set gip11 := V f(2p41).
Next, we update the search direction as dx+1 = —gr+1 + Brdk.

Algorithm 4 Nonlinear Conjugate Gradient Method (Polak-Ribiere)

Require: Objective function f : R™ — R, gradient V f, initial guess x, tolerance ¢ > 0
1: go = Vf(zo)
2: do = —go
3: for £=0,1,2,... until convergence do

4:

10:
11:

Find oy > 0 satisfying sufficient decrease condition (e.g., Armijo/Wolfe) for f(xzx + axdy)
Thy1 = T + ody,
gk+1 = Vf(Trs1)
if [|grs1]l <e-llgoll then
break
end if

— " T . . EBY
By, = (x1=gr) Ginr q:‘r”;l Ght1 > Polak-Ribiere

dpt1 = —gr+1 + Brdi

12: end for

Remark 3.19

There are several different approaches in the literature for the coefficient i in the update of the
search direction dg11 = —gr+1 + Brdk :

1. Fletcher—Reeves: L% = (k41 Ge1)
<gk:a gk>

2. Polak Ribitre: gfF — i+l — 9k gi1)
(9, gk)

<gk+1 ) gk+1>
(9r+1 — gk, d)

3. Hestenes—Stiefel: B,IC{S =

4. Dai-Yuan: gPY = 941, 9k41)
(gk+1 — gk, di)

In the quadratic case, all these formulas are equivalent to £ = %

(rk = —gx), due to
the property that (ryy17k) =0 and (rg,rx) = (i, di)

In the non-quadratic case, the different choices of 8; lead to different convergence behaviors:

e The Polak—Ribiere formula is often preferred in practice, because if the algorithm ”stalls,”
ie., Tpy1 ~ o and gry1 =~ gk, then for Polak-Ribiere, 8; = 0, and there is a new search
direction, meaning the method starts over with dry1 = —gr+1. On the other hand, for
Fletcher—Reeves, 8, = 1, and the descent is not guaranteed.
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e The Hestenes—Stiefel and Dai—Yuan formulas offer alternative trade-offs between descent
guarantees and practical performance. Dai—Yuan is designed to improve global convergence
and ensures the direction remains a descent direction under mild conditions.

In practice, hybrid strategies (e.g., combining Polak—Ribiére and Dai—Yuan, or using a safe-
guarded max (0, fx)) are also commonly used to balance convergence speed and stability.

Algorithm 3.7 — Preconditioned CG Method

We can view the preconditioned CG method as an acceleration of the simplified Newton method.
It is
Vix)=0, zpy1=xk+ ap Az

with )
Azy, = — (V2 f(z0))  V(zk).
=g(zk)

Here, we use the Hessian matrix H(zg) ~ LoLy as possibly an incomplete Cholesky decompo-
sition. Then H(z)™! ~ B := LO_TLE1 ~ CC", where B is a preconditioner. It follows that
g(x) =0 < §(&) =CT - g(CC 'z) = 0. Furthermore, H = CT HC.

xr
We can now proceed as in Chapter 6 and obtain the new search direction:
dy+1 = Briy1 + Brdy,

with

B = (9k+1 — 9k, Bgr+1)
{9k, Bgr)

Algorithm 5 Preconditioned Conjugate Gradient Method for Nonlinear Optimization

Require: Objective function f : R® — R, gradient Vf, preconditioner B ~ H(x)~! (SPD),
initial guess zq, tolerance € > 0

1: go = Vf(wo)
2: dp = 7Bg0
3: for £=0,1,2,... until convergence do

4: Find «aj, > 0 satistying sufficient decrease (e.g. Wolfe/Armijo) for f(zx + ardi)

5: Tpt1 = Tk + apdy

6: g1 = Vf(Tht1)

7. if [[gka]l <e-|lgoll then

8: break

9: end i{' v

. — (Gkt1—gx) Bgr+i1 s

10: Br = ol Bor > Polak—Ribiere
11: dpy1 = —Bgk+1 + Brdk

12: end for
Remark 3.20

We could also show that the CG method converges for strictly convex functions, i.e., the Hessian
matrix is positive definite at every point. However, for non-convex functions, convergence is not
guaranteed.

In the next chapter, we will see how to construct a method if A is not symmetric and positive
definite.
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